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Introduction. 

This paper is a continuation of that at pp. 43-95 supra, on “The Potential of 
an Anchor Ping.” In that paper the potential of an anchor ring was found at 
all external points; in this, its value is determined at internal points. The annular 
form of rotating gravitating fluid was also discussed in that paper ; here the 
stability of such a ring is considered. In addition, the potential of a ring whose 
cross-section is elliptic, being of interest in connection with Saturn, is obtained. The 
similarity of the methods employed, as well as of the analysis, has led me to give in 
this paper also a' determination of the steady motion of a single vortex-ring in an 
infinite fluid, and of several fine vortex rings on the same axis. 

In Section I. solutions of Laplace’s equation applicable to space inside an anchor 
ring are obtained. These results are applied to obtain the potential of a solid ring at 
internal points, and also of a distribution of matter on the surface of the ring. The 
work done in collecting the ring from infinity is obtained. 

In Section II. the stability of an annulus of rotating gravitating fluid is considered 
for three kinds of disturbances. 

(1) Fluted: i.e., those in which the ring remains symmetrical about its axis,* but 

the cross-section is deformed. 

(2) Twisted: i.e., those in which the cross-section remains circular, but the 

circular axis of the ring is deformed. 

(3) Beaded ; i.e., those in which the circular axis of the ring is undisturbed, but 

the cross-section is a circle of variable radius. 

The ring is found to be stable for fluted and twisted waves, but is broken up by 
long beaded waves. 

* Axis of the ring throughout the paper means the axis of revolution; the central circle of the ring 
is called the circular axis. 
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Section III. is devoted to Saturn’s rings. In Laplace’s proof (* Mec. Cel.,’ Book 3, 
c. 6) that the rings are not continuous fluid, he assumes the attraction of a ring of 
elliptic cross-section on a point at the surface to be the same as that of an elliptic 
cylinder. Mine. Kowalewski, in her memoir on the ring of Saturn (‘ Astronomische 
Nachrichten,’ No. 2643, vol. Ill, 1885) uses a method which applies only to rings of 
nearly circular section. Here I have attempted to find the potential of a ring of 
elliptic cross-section. Applied to Saturn, the results obtained agree fairly with 
Laplace’s. . 

In Section IV. the steady motion of a single vortex-ring of finite cross-section is 
discussed. If m be its strength, c its mean radius, and its cross-section be given by 


B, = a {1 + & cos 2x + /3 3 cos 3y + A cos 4y + . . .}, 


it is shown that /3 2 , /3 ; >, f3 i . . . are of the 2nd, 3rd, &c., orders in ajc, and their values 
are found as far as (a/c) 4 . 

The velocity of the ring 


in 

2 7TB 



1 

4 


mog-^-15 

tv 

__________ 




A — 


12L - 17 /ay 
32 [c)‘ 


The results agree with those given by Mr. Hicks, obtained by means of Toroidal 
Functions. (‘Phil. Trans.,’ 1884-1885.) 

In Section V. the motion of a number of fine vortex rings on the same axis is 
discussed. Equations are obtained giving the forward velocity and the rate of 
increase of the radius of each ring. Let m l be the strength, c l the mean radius, 
o Jl the radius of the cross-section, and z 1 the distance of the centre along the axis of z 
for one of the rings. 

It is shown that the kinetic energy of the system is given by 


T = 





C jCg COS (f) cl<p 


' H? + 


2^ cos </> + Ci] 


The equations of motion are 


, nb l c l z l 


87r dc t 
1 ST 


8 TT dz. 


The momentum integral takes the simple form 

2 (myjp) = const. 
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The special cases of one ring pursuing another of equal strength, of the direct 
approach of a ring towards a fixed plane, and of the motion of a ring over a spherical 
obstacle are considered in detail. 

Section I. 

§§ 1-4. Solution of Laplace’s equation inside an anchor ring. 

§§ 5-7. Potential of a solid anchor ring at internal points. 

Exhaustion of potential energy. 

§§ 8-9. Potential of a distribution of matter on the surface of a ring, at all 
internal points, and at external points near the ring. 

Section II. 

§§ 10-13. Potential and exhaustion of potential energy of a ring whose cross- 
section is R = a (1 + 2 f3„ cos wy). 

§§ 14-15. Small fluted oscillations of a gravitating fluid ring. 

§§ 16-19. Exhaustion of potential energy of a ring which has beaded waves on it. 

§ 20. Such waves render the ring unstable. 

§§ 21-22. Exhaustion of potential energy of a ring whose central circle is deformed. 
§ 23. Such deformation does not produce instability. 

Section III. 

§§ 24-26. Potential of a ring, whose cross-section, is elliptic, at external points. 

§ 27. When the elliptic section is very flat. 

§ 28. Application to Saturn. 

Section IV. 

§ 29. Steady motion of a single thick vortex ring. 

§§ 30-34. The stream-line function. 

§§ 35-36. Determination of the velocity and the form of the cross-section. 

§ 37. Small fluted oscillations. 

Section V. 

§ 38. Stream-line function for any number of fine vortex rings on the same 
axis. 

§ 39. The equations of motion of the rings. 

§§ 40-42. The integrals of momentum and energy. 

§§ 43-47. Special cases of two rings. 


6 e 2 
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Section I. 


§ 1. To find solutions of Laplace’s Equation applicable to space inside an anchor 
ring. 



Let 0 be the centre of the ring, OZ its axis. 

Let any section through OZ cut the ring in the circle whose centre is C. 

Let Q be any point in that section. 

Let OC = c, CA = a, and let the coordinates of Q, referred to CA and CB as axes, 
be x and z ; also let the polar coordinate of Q, referred to C as origin, CA as initial 
line, be It and y, so that CQ = It and A ACQ — y. 

In cylindrical coordinates, Laplace’s equation is 

#v i W 1 

(fa 2 cr (fa dz 3 bj 3 (L£ 2 

Writing nr = c — x, this becomes 

_L — — _JL *1 _ 1 <PV 

(te 3 dz 2 c — co dx (c — A 1 ) 2 dtf > 2 ’ 

We shall find solutions of this equation in descending powers of c. 

First, consider the case where V is independent of <f>. 

Then 

\(fe 2 dz 2 / ' r ' \da? dz 1 ) dec 

Let 

A = U„ + ~ U«+i + ^ U«+2 + 

then 
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d 2 U M 

+ 

d 2 U B 

= 0 





do? 

da 2 





dm,,,. 

+ 

d 2 U B+1 

/ d 2 U„ 

+ 

d»U.\ 

+ 

dU« 

dx 2 

da 2 

“ * \ d.r 2 ' 

*rj 

dx 

d 2 U B+2 

dx 2 

+ 

d 2 U B+2 

da 2 

+ 

t? *§ 

1! 

«r„„\ 

da 2 yl 

1 + 

dXJ nJr ^ 
dx 




&c., 

&e. 





Let 

then 


*U . +1 d 2 U )t+1 

da ; 3 da 3 


U* = (x + iz) n , 

d 2 U „ +1 , , . . . 

• —tt~ — n(x iz) n ~ l , 


therefore 

U„ +1 — (x — iz) (x + iz) n + C (x 4- iz) n+1 . 

Take 

C = 0, 

then 

U „ +1 = 5 (a? — iz) (x + izf. 

From this U « +2 might he found, and so on. 

§ 2 . It is, however, more convenient to transform the equations to polar coordinates. 
Let 

x — ae p cos x , 2 = cuf sin x . 

For points inside the ring p varies from — 00 to 0 , and x from 0 to 27 t, 

Now, 

dU 1 _ / dU . dU\ 

= * (! p cos XZT” sm X^- ’ 


dH 

1 -n 

i 


dU 

da; 

= ~ e p 
a 

(cos 

X 

dp 

dH 

1 

/. 


dU 

da 

— - e~ p 
a 

sm 

X 

dp 

d 2 U 

. dm 

_ 1 


•2p /; 

dx? 

+ 

sU : 

a 3 

e~ 


dm 

J m 1 7 a 


Substituting in the above equations, we find. 

d 2 U» , dHJ n _ . 
dp 2 + d x 2 “ 

d 2 U B+1 , d 3 U „ +1 „ r (cim n , d 2 U B , dU B \ . dU B 

^ + YT = “ i cos x \W + w + Ad - sm: x H 


^ 2 U# + 2 " . <£ 3 IT M + 2 f -v/ + 1 ^ 2 U W + 1 dT[T w+1 

+ ^A-“ i oosx l"^ + 'YA + ”^r, 


sm x 


d\J n+1 
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Let 


U B = e ni> cos ny. 


Then 


Therefore 


<PU , + i , _ 

dp z clx 


+ :: 7 = ae n+lp n cos n — ly. 


This gives 

<PU, 

d(. 

Therefore 


TT e ti+lP cos n — ly 

U ^+1 — an + ’ 

= a. ^ e(' , + 1 ) p cos (to. — l)y. 


L±1 + _ 0 ty» + «P j 3 | 

cos (to — 2)x + cos TOy j 

U« +2 = a^ ( «+2)p{^lh±ih cos nx + jl. cos ( n _ 2 ) x j. 


In the same way we find 


U fl+ ,= (“) e(» +3 ) p U 


(2?i + 1) (2?i + 3) 


2 (2» + 2) (2n + 4) 
1.3.5 


cos (to + l)y + 2 : 


1.3 2n + 1 

2.4 2n + 2 


cos (to — 1 )x 


+ cos ( n “ 3 )x 


This suggests the form of IT« +p> which is easily verified. 


u,„ = {i (» +* - *)x 

— 11.3 (2?i 4 - 1 )... (2% + 2jp — S) / . , \ 

+ ~~17” 2 Ti (2^2)777(257+ 2 p - 4) cos ^ + P “ 4 ) x 

(^-1)^-2) 1.3.5 (2n+1)...(2 h + 2^—7) . | 

+ 2! 2.4.6 (2n + 2)...(2ro+2p—6) C ° S ' )X + — ^ \ b 

This formula for U M+7 , holds whether p be > or < to. The number of terms in 
U n+p IS p. 

§ 3. The series U„ + - U„ +x + + U fl+2 + ... is a solution of Laplace’s equation. It 

c c 

is convergent at all internal points. 

For JJ n+p is < (^j e^o(l + 1 y~\ 

Thus the series + -TJ n +i • • . converges more rapidly than the geometrical pro¬ 


a ' w 


1 + - + 3 + &c ‘ 


C C‘ 


gression 
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Writing sines instead of cosines, we obtain another set of solutions of Laplace’s 
equation applicable to space inside a ring. 

Writing — n for n solutions of Laplace’s equation applicable to space just outside 
an anchor ring are obtained. They can, however, only be obtained as far as the nth 
term. At this point log R, arises in the series. In obtaining each term from the pre¬ 
ceding, as an integration is performed, a constant should be added ; and for the series 
to be convergent these constants must have definite values. To find the series further, 
the method of my former paper is necessary. 

The following are the solutions of Laplace’s equation inside a ring for n — 0, 
1, 2, 3, or 4. 

Constant. 


E , « i E3 , M 8 s E3 ,/«\ 3 lP /5 o 1 9 \ 
cos x + ^ • i • + ( 2c) ! • qJ cos x + (2 ~c) (I cos 2 x + A) 


+ (t) ^ C0S 3 x + II c °s x) + • • •» 


A cos 2 X + J cos X + [^ c j ^ (tV cos 2 X + |) 


/ a y R 4 


+ 


o a° 
a \ 3 E 5 


2cl a 5 


(ft cos 3 X + I cos X ) + . . ., 
IF _ . a , IP „ . /a \ 3 R 5 


cos 3 X + ^. 1. ; /X cos 2 X + (-) (f| cos 3 X + I cos x) + • • 


2c/ a 5 


R 1, . . « i R 3 Q . 

-jco S 4 x + -.i.-co S 3 X +... 




Y • ( 3 ). 


J 


§ 4. In discussing the stability of a fluid ring, approximate solutions of the 
equation 

cFV cFV _1_ d V 1 <py 

dx 3 ■ dx 3 c — x dx (c — xf d<j> 2 

are required. 

Writing Y cos p<f> for V, it becomes 


A?N d?N _1_ cW _ f V — 0 

dx 3 cfe 3 c — x d. x (c — «) 3 


If p is of the order c/a the last term becomes of the same order as the terms 

7 #V 
dx 3 dz 21 


d 3 V #V 

+ -^j, and the equation may be written 


<PV d*V 

cfce 3 ~ 3 " & 3 




Y 


i rw 

dx 


2p 2 


+ ^ 


KM 


AN , 3» a 

x Tx + ~J 


cc 3 v4 


— &c. = 0 
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and the equation must be regarded as an approximation to 

dFV d?V f y 

dx 3 ' dz 2 c 3 

or 

dfV 1 dN 1 #V t Y 
(iK 3 ‘ R * ' R 3 dy 3 c 2 V “ ’ 


of which cos n x . J n is a solution ; and starting from this, an approximate solution 
may he obtained. 

We shall only need the cases in which p is small. 

The equation may then be written 


d?V d*Y _ 1 dV 1 
dx* dz* c dx c 3 


x 


cN 

dx 


dY 


+ P %Y ) + 2\ x% ff + 2 P " xY ) + 


An approximate solution of this is 


cos 


, f E” , a R’ i+1 

l4 cos n x + 


+ 


4c a n+1 
a? E l!+2 (4p* + 2 n + 1 


8c 3 a ,l + * \ 2n + 2 


cos (n ~~ l)x 

cos «y + 3 cos (n 


2) x ) + &c.|. . . (4). 


When n = 0 the solution is 


cos 


P<f> { 


1 + 


a 3 „ E 3 


4c 3 


F > + fc - 


(5). 


§ 5. To find the Potential of a solid anchor ring at an internal point. 

At any external point whose polar coordinates are r, 6, <f>, 

„_ M J r ff _ <fy _, a? d_ p _ chj> _ 

7r {] o a/ (r 3 + c 3 — 2cr sin Ocosep) ' 8 ' cdc J 0 v 7 if + c 2 — 2 cr sin 0 cos <]>) 

_ sL(±\* r_ i] ± _ _&c i# 

192 \cdcj Jo \/ (r* + c* — 2 cr sin 6 cos <f>) J 

Using the expansions of the integrals given in that paper, we find that at the 
surface of the ring 


* Supra, p. 59. 
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V = 27 ra 2 jx + 2 + —yA o- cos x 4* r^_ i + 3 (^) cog2 i 2 
+ "^32 ~ cos X + ~ cos 8 X o- 3 


+ FI 4 + 7 "“ws‘“■ cos2 x + •” Tok' a,,) cos 4 xl 0-4 + &c - 


where o- = a/c, and X = log (8 c/a) — 2. 
Now, inside the ring, 


d*V , (PY , 1 av , , 

+ ^ + +47r==0 - 

y == - 2 tt 4 + y 1( 

d!Ii , ^V, , 1 dVi _ n 

ffe 3 + 57 Chs ~ 


We may, therefore, assume that 
V _ s 3 . A 

9„„2 — „2 + A 1 


R 3 . 3a- 2 R 3 


• * JLL , U JLL fJU JLt 

+ A 2i7C0S X + -- COS X + 


(jh cos 2 X + T f- 8 -) + . 


f E 3 rr E 8 R 4 

+ Ag { C0S 2 X + 4 -% cos X + °- 3 ^ (A cos 2 X + - s \) 

]>5 

+ o- 3 - s trig cos 3 X + iig cos x ) 

E 6 

+ ^ i (to 2 4 cos 4 X + yW cos 2 X + •£&) + ... j, 
, . fR 3 „ , a-ID 1 

+ A 4 i 3 c °s 3 X + y -j cos 2 X + • • • k 


+ A 5 j 3 cos 2 X + . 


Therefore, at the surface of the ring, 


~• 4 + A i + A, (~ + + A 3 (I 4- If-), 

+ «-x{A.(l+^ + A B (j + ^)} f 

+ COS 2 x {i4- A 3^ + A s(l +% + fjj) + A 4 j 


4- cos 3 X |A 3 -H A 4 j-, 
+ cos 4 X |a 3 ^ + Agj 


MDCCCXCIII. — A, 
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Comparing this with the value of the potential at the surface of the ring, given 
above, we have equations to determine the constants A T , A,, &c. 

These give 


A, = + X 


5_ X + -f- J 3 (X + if) 4 


. X + 1 

A 3 = —— <T 


9. 


16 a 

3 X + 5 
64 


512 


(T 


i | 3 ( x + t) a 12X_+19 4 

O “ T7» u u 


16 


512 


1 

>> • 


64 

(X H 
1024 


A, = o- 4 


• ( 8 ). 


Thus the potential is found at all internal points as far as terms in o- 4 ‘. 
Writing L (log 8 c/a) instead of X + 2, as far as terms of the second order 


Y = 2 ira 3 


L + i 


If 

a- 


~T cr 


_1 E 

a 


w 

8a 3 


cos x 


-f- cr 3 


L 


16 




L 


3 R 1 , 3 (L 

64 + 


16 


E " cos 2 X 


W 


% 


- E 4 

9 (T ~ 4 COS 2 X 


+ 



§ 6. The value of Y is a maximum, when 


and 



2R + o- (L - 1) a 


W1 


= 0, 


that is, when R = cr.^(L — l)a + terms in cr 3 . 
This maximum value 


= 2W>{l + |-£(I,-1)* + ~(L-1) ! 

= 2m» (l + 4 + £(L-l) 2 +■ • 


| 7. The exhaustion of potential energy 
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= 1.2ir(Tv (c - R cos X ) R <£R d X 
Jcdo 

= 4A» t [‘{A, - g + A ; 

— 27r 3 a® 


a • R 3 9<r 3 R*' 

4 a 2 + 128 


I + A - 


3<r 3 R* . 25<r 4 ID 


3 ' q 2 a 4 1 512 


+ 


a 4 ID\ 1 

2 a 6 ) j 


RcZR 


As U + 16 a 3 


+ A 3 (f 7 + -nrs o- 3 |)} R2 


27r 3 a 4 c 


i + A x 


Ms + lls 


A ^ - ifiU 
As \96 1024/J 


M 2 

27TC 


L + i- 



’ (L 


512 


cr l 



( 10 ). 


If we may judge from these few terms this series is very convergent. When 
or = 1, i.e., in the case of a ring so thick that it touches itself at the origin, we have 
L = log, 8 = 2-080. 

The exhaustion of energy 

M 3 

= (2-330 - -177 - -003} 


= 2-150 


M> 

27 TG 


The first three figures would seem to be correct. 

[Let the same mass he collected into rings of different mean radii, and consequently 
different thicknesses; let the final mean radius of the ring, that is, the mean radius 
when the ring is so thick that it touches itself at its centre, be taken as unity ; let 
the exhaustion of energy in this position be also taken as unity. Then the exhaustion 
of energy for different mean radii of the ring is given by the following Table :— 


Mean radius - . . , . 

1*25 

1*5 

1-75 

2 

3 

4 

5 

Exhaustion of potential energy 

•9488 

•8874 

•8284 

•7749 

•6144 

*5162 

*3506 


July 22, 1892.]* 


* This Table was given at the suggestion of one of the Referees, replacing a Table given in the paper 
as read. 


6 S 2 
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§8. To find the potential of a distribution of matter of density (i n cos nx on the 
surface of an anchor ring, at all internal points and at external points near the surface 
of the ring. 

We know that for a cylinder 


y • 


Let us assume for a ring 


and 


nVi /B\» 


2 it/?,, \a 


= 1-1 cos my 


nY, 


o__ 


2t r/3 n \R, 


= p cosn X 


2? t/3„ 


R\“ 


cos ny 


i a /L\ w+1 / -j \ . ” I \ 

+ 4 W cos(n-l) X + 3 ^) 
+ 4 Al |© * cos (w — 1) x + 


0-2 /E\*+8 f 2 k. + 1 


. cos 


8 \ct} 1 2n + 2 

o- /R\" , , 1 

cos (n — 2)x + • • • r 


?«X + I cos ( n “ 2 ) xj + 


4 


, o- a r /r \“ +1 , , lX , o-/e\» . i 

+ ^ A 3 cos (n + 1) x + i (“J cos n x + • • • j 


<7 . 

+ A 


+ S a 5 

'16 a I\a 


r/Ti\«—3 ] 

sib cos(n- 2) X + • • •[ 

iW J 


E\ w 1 

a J cos nx + • • • | 

P \ii — % 1 

fa + 2)x + • ■ •} 


cos (n 


and 


nY, 


2nrj3 n 


o__ 


E 


cos nx 


(T fa\ n ~ l / V f 27lf- 1 / , O / 

+ £ cos (ft + l)x+g \E/ |^TZ9 C0S ( n "" X+ 4 C0S ( w 


+jMs 


x,i_1 / .x ,0-/« 

cos (n — 1) x + 


2n—2 

w —2 


4W C ° S ” X+ "-} 


+ y B 2 j® cos (n + 1) X + j (cos fa + 2) x + 


+ bB: 


16 

+ — B, 
^ 16 


R 


ii — 2 


cos (n — 2) x + • • 




cos nx 


-f 


^ p J/a \*+8 
16 


Ui 


cos (n + 2) x -f 
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V, - Vn - 0 


and 


at the surface of the ring. 


dV 0 W , , Q 
-dR~~d b + ^A«»»X 




J 


Thus 


1 + A x = B x 

(n + 1 ) + (n — 1 ) A t = — (n — 1 ) B x 
Aj = 1. -j* Bg 




and 


(n + 1) A 2 = — (n — 1) — (w + 1) B 8 j 


f + + A 3 = B 3 

f (n -J- 2 ) + nA : + (n — 2 ) A 3 = — 

2 n + 1 


(n - 2 ) B 3 


n + 1 


+ A 3 + A 4 _ ——— + B x + B 4 


n • 


2 n + 1 
n + 1 


(n + 2 ) + (n + 2 ) A 3 + «A,, 


2;? — 1 

~ „.... fO ~ 2 ) ~ ( n “ 2 ) B i ~ nB i- 

I + B s + b 5 


(n + 2 ) A 5 = — I (n — 2 ) — »B 8 — (n + 2 ) B 5 


These equations give 


Ai = 

n 

n — 1 * 

Bi = 

1 

n - 1 ‘ 

A 3 = 

1 

B 3 == 

n 

n + 1 ‘ 

71/ -f- 1 

a 3 = 

71 

B 3 == 

(2 71 — 3) 

~~ 2 (to - 2) * 

“ (to - 1) (to - 

A 4 = 

- 2. 

b j, = 

— 2. 

a 5 = 

2to + 3 

b 5 = 

TO 

(to + 1) (to + 2)' 

™ 2 (to + 2)' 


Thus we find that to the second power of cr, 

Yi 


_/EV cos n% 

2rra^ n \ a J n 

? rn/E \« +1 

4 L [to \a / 


i /n\«-n . .... i 

cos (n - 1 ) x + , 77 ; 


n — 1 \ ct 


/R\* + l 


11 (ll -j- 1 J \ CL j 


cos (^ + l)x 


+ .To 


' 2(2to + 3) /E\*+9 , , , 4 r /E\» + 2 /E\«l 

~ 7 —— 777 — 7-77 ~ cos (n + 2 ) v + - 1 1 — - M- cos »v 

n (to + I) (to + 2) \ aj ' ' ^ to [ \aj \aj J /V 


+ 


’3 /E'y" + 3 
. n \« / 


n 


2__ my 
— 1 id) 


w\*- 


cos (n — 2 )\ 


• (U), 
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V 0 _ f a \ l cos n X 

‘lirafin \E ) n 


, orrri / a\ u ~ i i /«v+ii , .. i /ay - 1 . 

+ 7 v H ——TT H }■ COS m + 1) X - 7~- — IT L cos (w — l)v 

4 [n \RJ n + 1 \R/ J v /A re (n — T) \E/ ' /A 


2 (2re - 3) fa 
n (n — 1) (n — 2) \R 


cos (n — 2) x + 


n \E 


cos n-% 


2 f a'v 1 

n + 1 \pJ 


+ 2 \ll 


cos(7i+2)x (11a). 


These agree in giving at the surface of the ring 

Y _cos 7!.% a- j cos (n + 1) % cos (n — 1) % ] 

-«/3,i 77 4?7 [ n + 1 77—1 J 

-j~ it - I;—- 7 T 7 --ttt cos (n + 2 ) x “ 7 —cos (n — 2 ) x i + &c. ( 12 ). 

^ 16?i \(n + 1) (re + 2) v /A (77-1) (77 -2) v /A J 1 v ' 


I have verified the above value of the potential at external points near the ring by 
evaluating the integral. The method here given is suggested by Laplace (‘ Mec. 
Cel./ Book 3 , c. 6). It is not satisfactory, as it will not give the value of Y further 
than the terms in cr". The form of the potential at points near the ring changes after 
these terms. Log It is introduced, and it is found that some of the equations coincide 
so that there are not enough to determine the necessary constants. 

§ 9 . [As illustrating this, and furnishing a result which will be used later, consider a 
distribution of matter of density a/. 3 3 cos 2x on the surface of the ring. 

By § 22 of my previous paper, it is seen that. 


Vo . ! £ 


* R2 C0S 2 X + 4 l* E “ * ») C0S 3x “ 1 E 008 X 


. 0 " ! 

+ 32| 


f I kg % + 1 

! J-L 


+ 21 


cos 2 X + (I - f jp ~ i : , 4 j COS 4 X j- + &c. 


This agrees with (11a), except for the term 


4 < + 1 


The value of the potential, inside, is consequently given by 


27 ra 3 /3 2 


— i Y cos 2 X + 


w cos 4 X + 2 

tv 


E\ , E 3 Q 

- cosx + i-j cos 3 X 


R 4 

cos 2 X + I ~7 


+ &c. 
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Adding to this the value given in (9) for the potential inside the ring II = a, we 
have correct to the first power of /3. 2 , the potential inside It — a (1 + /3 2 cos 2 X ). 

The terms in /3 3 of the exhaustion of potential energy of this ring are given by 


277 3 Ct 3 


%2ir (%a (1 + Pi cos 2 X ) 

.(hr 1 



E E 3 \ 

) C0BX 


+ 27r a a s /3 3 |' 


+ <r 2 
r cr/It? _ E 

4\2 a s 


3 
I 6 


/T _JL)E 
V L '4/ 


5 J L 
9 6-4 


.'0 Jo 


cos x + 


32 


COS 2y 

-2L 


all the other terms vanishing on integration. 
Therefore this part of the exhaustion of energy 


(c R cos x) R dR dx 
(c —- R cos x) It dR dx, 


27r 3 a 4 'c 2 cr 2 /3 2 

( 


4L ■ 


16 


+ A(L-4)-* 


= - 2 nWc /3 9j ~ (L •— -A) 
July 22, 1893.] 


cos 3 2 X + -ST 4 COS 3 X - -h (L + i)|d x 

.(13). 


Section II. 


§ 10. An annular form is possible for gravitating fluid rotating round an axis in 
relative equilibrium. When the cross-section, of the annulus is small compared with 
its radius, the cross-section is nearly circular. 

Let the ring be disturbed so that the cross-section takes the form given by 
the equation 

p = a {1 + & cos 2 X + . . . + & cos nx + . . •}. 


We shall prove that the ring is stable for disturbances of this kind, and find the 
periods of the various oscillations. 

It is necessary to find the exhaustion of potential energy. Let this be called U. 
Then 


U = ijV -dm 


= nr (T W (c — R cos x) R dR d X 
J 0 J 0 


where V* is the potential at an internal point. 
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It is necessary to know U as far as the second order of the small quantities 
/3 a , &c., /3, t . Suppose Y,- is obtained in the form v 0 + ~tv n cos ny, where v 0> v„ are 
functions of R.. Then it is necessary to know v 0 and v ] to the second order, but 
v a ... v„ .. . only to the first order. 

Now 


Vi 

2tto 2 



R 3 


+ c r 


log Sc I a — 1 K 


JP 

8 a 8 


cos x + &c. 


i ZB 1 V' C0 £l t X I 5 
+ n ' 4 


+ 


1 


n (n + 1.) a n +1 


I R« +i 1 

1 l +1 n— 1 a 7 * -1 

cos (% + !) X 


y a 1 

R" + 1 


cos (n — l) x 


+ A + B (^ cos x + ~ + &o. 


where A and B are small quantities of the second order in j3% ... /3„ ..., which must 
be found by comparing the value V,- at the surface of the ring with the value of V 0 
there. 


§11. We shall now find V 0 the potential of the ring at an external point. 


P 



Let Q be an external point whose coordinates are r and 9. 

Let P be a point on the axis, C be the centre of gravity of the cross-section. Let 
PCO = a and let CP = r y 
The potential at P is 


27T 



(c —■ B cos x) E d .R dx 
V' to 8 + R 3 - 2Er x cos (%-«)} 


27T 


r2ir 


tEl + 

,v. O I 

1 


| cos (x - «) + ~3 4 P 2 [ cos (x - a )l 


r \ 3 


cos x 


cp 4 

4pi 3 


cos x cos (x ~ a ) • • ■ j-^X- 
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Substituting for cos a, cjr l9 and for p>\ 


aAl+pt A* cos n y + - (J, 9 - $ (y + A A+l c OS x 


and retaining only for the present the terms of the second degree in A . . . A 
vve find that at P 


v 0 = Me {A x (f- ( rA/u) + 5 > HT 


Therefore at Q 


V 0 = 27ra 2 Y — cr/3,* A+i 


^ 6 * clef) 

o \/(' r3 + c 2 - 2cr sin 0 cos <£) 


27ra°c t (A A*+i) dc f Q YY 3 + c 3 - L sin d cos </>)' 

[S'wpra, p. 59.] 

Expanding these integrals, we find that at a point R, y just outside the ring, 


- ( g) - o- A A+i) (log 7 + “ 9 .- 7 cos X 


21°g^-l 

XL 


+ cr y> C 0 B)( H- - 4" 


Adding this to the values already obtained for the potential of a ring whose cross- 
section is an exact circle of radius a, and to that for a distribution of surface density 
a 1: A cos n X on su °fi a r ^ n S> we find that 


2 Y =klg = + —_ 


1 ,8c -j 

8c ° & R It cos % 


2 log w — 1 

it 


+ • • • ~ 8 \R C0SX+ -1 ~ + 


i v o \ l a \ u cos 71 X i a [l a \^"~ 1 cos ( n + 1) % 

+ 2 [ \R/ ~~7i 4 Lw n 

/a \ W+1 cos (n 4- 1) % ( a V*" 1 cos (n — 1) % 

\It/ n + 1 \It/ n(n — 1) 


+ 2 ( 7 * “ O- A A+i) (log ~ + 


8c . log E “ 1 


R ) 

.cosy; 


■f cr S A A+i \ p cos y + 


31o *e- 1 


MDCCOXCIIL — A. 
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§ 12. Now when R = p = a (1 + £ cos ny), V,• and Y 0 must have the same value. 
This will enable us to find the terms of the second order in Y*. 

Remembering that for a solid ring of circular section, V and dVjtill are continuous 
at the surface, and d 3 Y 0 /<iR 2 = (d 3 Y ? ;/dR 2 ) + 4 tt, and that for a distribution of 
surface density a B n cos ny 

dV 0 dV t 

aB-dE + 4 m ^ coa, ‘X= 0 ‘ 

We see that when R = p ~ a (1 /3 n cos ny) 


——— — — (A cos 2 X + . . . + A«cos »x + • • *) 8 


2i to? 2 

47 m cos 


2 t m 2 

A 2 


a (A cos 2x + . . . + A cos w x + • 

8c 




log- - 1 

+ S(y-fAA t .) l log ^ + —y — o- cos x 


+ A* Ai+i l cos x + 


2 log - - 1 

° C& 


A — B ^cos x + 


Since Y 0 — V,- = 0, we find 


A + B l = (L - 1) S ^ - AA * 2 AAti 
B = - lylo-Sft* 


Therefore 


1 


J 


Y 

27m 2 


T . i /1 R 3 \ . /L -1 B R»\ . . 

L + “ ^J + o-l-yy- --^)cosx + &c. 


+ SAi^'cos «X + f 


2 a 8# 


1 R»+i 


% a 1 


t+i 


1 E-H , 1X 
- cos (w-l)x 


% — 1 a tt 


+ 


R*+i 


+ (L — 1)2 


n (n + 1) a n+ 
fr? 2L + 1 


I cos (n + 1) x 

L — 1 


£ A A 


+1 


16 


cr 3 2 A 3 


, L - 1 ^ „ , /R . o- B 3 

+ -y-(7SAA- c 0SX+ 4 a3 


(15.) 
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§ 13. The exhaustion of potential energy is given by 
U = 1 j y, dm 

= {l + 4 (l - f) + Tcos x A)}(o - R 00 S X ) E dUd x d* 


+ 7 TW 




cos ny + 


1 R*+ 1 


n a“ +1 n — la'' 


1 R»-i\ 

)cos(n-l) x 


1 E w+1 1] 

+ 7(77 1) o»+i cos (« + 1) xjj ( c - R cos x) R cZR d x # 

+ ira* f [f {(L ~ 1) 2 ^ O- 2 &A, + i - ~~ cr* 2 A 3 

+ cr 2 A 3 (f cos x + 5 f)} (c - Rcosx) Rc^Rrix# 

: 2A8 C[°{ (L + *) 2 “ w} - C0S X { (L + « 8 - i(£?} 


,'L — i p 3 p 5 ] 
+ CO-COSX-I — S -J^} 

V A 


d x 


+ 277 3 a 4 c | Q 2 A cos n x 2 |~ cos 1} cos (w - 1) x 


, <rfin 

+ 7—7 -Tx COS 

4n (n + 1) 


(» + l)x} 0 — <TC 0 S X )< 1 X 


+ 2A%{(L-l)2^-A_tI <rSAA+i j. 


In the first integral, substitute 

pp = aP |l +ptfin coBn x + + cos AA+i +•••)}' 

On integration this gives 

2t rVc |l + ^ + (L — 1) 2 cr 2 AA + i} • 

The second integral may be written in the form 

2, Vo £s A 008 »x S (f - 008 n x (1 - o- cos x) dx. 

6 T 2 
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giving on integration 


2ttVc { 2 




2 


(2 n + 1)/3,A 


O’ % 1 r ~'l' r ~' n +1 

?? 2?i (w -f 1) 


Therefore, adding the three integrals together,, 


U = 2 Tt’a^c < 


L+i + 2 L-1+ I A 




cr 


2L + 1 2 n 4- 1 ' 
2 2w (% + 1) 


finBn + 1 1 ( 16 ). 


Let a 0 be the mean radius of the cross-section. 
Then 

77« 0 3 = 77« 2 (1 + 2 


Let 27 r 3 a 0 2 c 0 be the volume of the ring. 
Then 


A, 


(17). 


277 3 a 0 3 c 0 = 27r 3 a 3 c (I + 2 yp- 

V ^ 


o’ 2 


«-b 1 


( 18 ). 


Substituting, we obtain 


8 c n 


U = 2n\\ log -° + i - 2 


Bn 


— — tR R (- ~~ h 
irp„p u+ 1 


4?i (71 + 1) 


M. Poincaris; gives 


TJ = 2A 0 ‘». {log—- + i — S^ft 
(Tisserand, * Mec. Cel./ vol. 2, p. 166.) 


[This is correct to the first power of cr. The term in a 2 B% is important, for in 
the equilibrium position of the ring /3 2 is of order cr 3 , and therefore this term is of 
the same order as the term in /3. 2 2 . By (10) and (13), the more correct value of U is 


2tt 3 a 0 4 c 0 { L + l — L —cr 2 — :5(r : )2 1 ’ ) cr 4 — /3 3 j (L — -/V) 


N 


n — 1 


cr/3/A 


'« +1 


8 

(n — 1) (3% + 1)' 
4:n (n + 1) 


July 22, 1893.]* 


]} • • (19)- 


* This was inserted in consequence of an observation of one of the Referees, who noticed, what I had 
overlooked, that the less exact value of U failed in § 14 to give the correct equilibrium value of /3 2 . 
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§ 14. To find the fluted oscillations, it is necessary to determine the kinetic energy 
in the disturbed motion. 

Let be the velocity potential of this motion. 

Since the bounding surface is given by 

R = a {I + t'fi,, cos n x }, 

therefore 


^ c — a (1 + 2 /3„ cos nx) + a t /3 n cos ny — a t (nfi n sin «y) 


E* 0y " 


Be 


at the surface of the ring. 

Now 

3R . 0v sin v 

— = cos v and = ----• 

oc /v on K 

Therefore 


3cp 
~0R ' 


= a 


c cos x + 2 (a/3,, + a/3„) cos n x — at (n/3„ sin ny) 


1 0J> 
R 3 3y 


sm y 


Since 

a 2 c ^1 + t = const., 

1-- + ^Ai/L — 0. 

C C(j 

Therefore 

^ = — c fcos X + £)-f 2/L/3,, + 2 (a/3„ + a/3„) cos n X 


-at (»& sin n x ) ^ c). 


Approximately 

0<3> 


( \ a \ 


0R ~ 

- c | 

[ eos X + J e ) 

Therefore 


fR 

1 a R 3 


< 1 > = — ac ■ 

{• 

COS v + 7 ~ 

A 4:& a? 

This gives 

03> 


• K . 


= ac sin y. 

0y a A 


Substituting in the last term, we see that it vanishes : the second term may also 
be omitted, giving 


0<E> 

0R 


c (cos y + —) + 2 (a/3., + afi a ) cos ny 


at the surface. 
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Therefore 


<P 


— ca 



cos x + 


a E 3 \ 
4e c?) 




E* 

a — cos ny, 

a* A 


The term in a/3 n may be omitted, 

It is easily seen, by § 4, that a more approximate solution is obtained by assuming 


$ = 


— acA 

+ 2A 


J5 

1 \a 


a 

E« 

a n 


cos x + 


a E 2 
4c c? 


+ 


!2c a) 


i s 

7 cos X 


a E * +1 , 

coswx + 4 , ^ycos (n 


i)x 



The constants are easily found to be 


A* 

Ki 


1 — 


82 


a 3 fi- J»±J) p 

\n 4 n (n +1) 


At the surface of the ring, therefore, 


*:= “ «H cos x (1 - ^ ) + j j- + a*t (& - + 1 ) (cos n x + 1 cos (w - 1) X 


n 4 n(n + 1) 1 


cr 

V 


■ ao{oo BX (l - g) + f | + a*S (f - cos »x 


and 


d<$> 

dn 


c cos x + x ) + a t $„ cos ny. 


The kinetic energy is given by 

cl<$> 


2T = f f <t> e?S 

J J dn 

= 27 rac f —(i - o-cosx) d x 

= 27r 3 a 2 c \ c 3 { 1 


$+<*(* 


o-/3«/3, 


■»+i 




. . ( 21 ). 


To this must be added the kinetic energy of the undisturbed motion, which is 
given by 
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• r Zir g 

r<£ 2 (c — R cos y) 3R e£R c£y 
Jo Jn 


Mc 2 <£ 3 (1 + | o’ 2 + f <x s /8 2 ).(22), 


where </> is the undisturbed angular velocity of the fluid. 
Therefore 


2T = m|c 3 (i - + a 2 Y + c 2 + 2 (1+f + + f +/ 3 2 ) 


15. Also 


To^jlog7 + i-&c. 


V ( n ~ 1 O 2 _ ( 3w + *) (” - !) „/D D 
S [ Pn o / I i\ &PnPn +1 

\n :in(n +1) 


• (2<), 


where a and c now denote -the mean radii of the cross-section and of the ring respec¬ 
tively ; c = a/c, and is small; y is the constant of gravitation. 

Retain only the terms of the highest order; Lagrange’s equations give 


n/r 2 ' i ■M"' ti 1/3 A 

Met 3 - + — y —z — fin = 0. 
7 t 2 tt« 2 n 


Thus the period of the oscillation of the type fi u cos wy is given approximately by 


fin + 77 - y/L = : 0 . 


The time of a complete oscillation is A^/ 
this type would take to travel round the ring is 


--—', and the time a fluted wave of 

(n- 1)7 


/ 8-i 

V (n- 


(n -l)y 


[The equation giving the period of the disturbance of type fi. 2 cos 2y is 


M « 2 * - | c W + y £ & + « lo. 


a- 3 /, 8c 


8 6 « 


& ,, 12 


Therefore the value of fi 2 in the undisturbed motion is given by 
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A* = t 


cr 


log 


8c 




5 . 

1 2 


by (26), 


agreeing with the result given supra, p. 94.—July 22, 1893.] # 

An interesting oscillation of the ring is that in which the mean radius increases 
and diminishes, necessitating a decrease and increase of the cross-section. 

We have 

M c 2 (f> = const. 1 


J 


M 3 cl 

Mc-M 

T 1 2tt clc 


lot 


8c 


Remembering that a?c is constant, 


, 8c 

log- +J 


d ° a 


clc 


>( l0 »7 +i ) + cG + «£j 


1 /. 8c 

( °8 


Therefore, 




0. 


Thus the angular velocity in the position of relative equilibrium is given by 




log" 


8c 


7 M 3 
2wMc» V~ & a 


= r«- £ i( lo g~-- i 


(26), 


agreeing with the results found, ante, p. 94. 

For the small oscillation, write c = c 0 4- x, a — a 0 + y, in the above equation. 
Then, 


a 0 % -f 2 a 0 c 0 y = 0, or y 


I "o 

Q - « V, 


# See note, p. 1060. 
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Therefore 


Therefore 


M* 


McY 


as + 


yM 3 


(c 0 + xf 2-1T (c 0 + x) 2 \ & (a 0 + y) 


i lo S 


8 (c 0 + x ) _ _g\ _ 


0 . 


X 


y 


«oV ( lo g “ i 


Oo + xf 


+ 


y2?r« 0 2 c 0 /, 8 fa + x) 


27r (c 0 + «) 2 


i log 


« 0 + y 


0 , 


or 


or 


® + Syrr^ogT 2 - $)*' - 2 rri( lo g?-“ f)® + jy°7i x = °> 


% -f y “ log 7 + I *= 0 , 


(27), 


giving for the time of a complete oscillation 




The oscillations might be found more approximately, but this hardly seems worth 
while, as the ring will be proved unstable for disturbances of a different kind. 


§ 16. The effect of long headed waves. 

As before, let U he the exhaustion of potential energy of the ring in its disturbed 
state. In this case the ring is disturbed so that its central circle remains an exact 
circle of radius c, the cross-section is always a circle, but the radius of this circle 
varies with the azimuth. Let it be given by 

p = a{ 1 + 2 (a„ sin n<j> + /3„ cos 

Let Vi be the potential inside ; V 0 , outside. 

Then 

U = i \Vi dm 

f 2ir rp /*27r 

Vi (c — H cos x) 

0 J 0J 0 

If Vi be expressed in the form 

•0 + v i cos X + % cos 2 y + . . ., 
the only terms we need are v 0 and v lt 

Also, the only terms of the second order in the small quantities a and /3, which 
need be retained are those independent of <f>, as the others vanish on integration. 
MDCCCXCIII.—A. 6 U 
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§ 17. To determine V; we must first find V 0 . 

Let ct', z, (j/ be the coordinates of any external point, ■ur, z, (f> of any internal point. 
Then 

m dm dz d<j> 


v 0 - 


Let zs = c — x* 
Then 


V n 


{w' 2 + m 2 —* 2mm' cos (ft — (f)) 4- (z! — z ) 2 } 


(c — x) dx dz dcf> 


y/ {(g — x) 2 + w /2 — 2 (c ~~ a?) w' cos (<£' — <£) + (z' — z) 3 } 
= | j je ~ x {dldG) “ 2 dice dz -- G C ~ - 


\/(c 2 + w /2 2erar / cos (cf)' — <£) + 2 /2 } 


=0{ 1 -(4+4 


+ 2i(4 + 4J-4 dxdz 


c d<f> 


\J {ts' 2 + c 2 — 2 cot' cos ( 0' — <£) + s' 2 } 


where the double integral is taken over a circle of radius p. 
Therefore 


v «=r { ir f i +i”p , (h+B> 

/ ,n 


i_ a ( d l , 4LV I i___ 

+ To 2 Kp (^ fc3 + cyi j +•••} 2 + C 3 _ 2 cm' COS (f - <£) + .s' 2 } 


Now 


p'' = aJ' j 1 + P 2 (<*» si 11 n <t> + fin cos n <j>) 


+ 


P (p - 1) 


+ A« 3 


+ (a«“«+i + A< A'+i) cos ^ + • • • 


1. 


($ 2 

Substituting this, and writing ^ ^ = V 3 


y « = « J C{ 1 + 0 8 + iT2 V ‘} 

+«•* n*+f v2 +1 v *} 


C 


+ C 3 _ 2cm' COS (<£' - 4>) + s' 2 } 


c 2 («» sin n <f> + /3» cos «, <jf>) d<j> 
V-Tot’ 2 + c 2 - 2c ro ' cos (<£' - <£) + «' 2 } 


+ 7rct 3 2 

JO 


l2jr a 2 + A 2 


5a 4 , 


c deft 


1 i 44L v* ~U — V 4 I 

* 4 64 j {s/ 2 + e 2 — 2cgj' cos (<// — <£) 4- # /2 } 
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c defy 

-y/(w' 2 4- c 2 — 2 cm' cos </> + z f3 ) 


+ 7ra 2 2 (a* sin to $ + A, cos nfi) [ 2 + V 2 1 . /» , eC0S ^f^ - ■ ■ ■ — 

Jo L 2 J \/(vs 2 P c l — 2c®' cos </> + s' 2 ) 


, o v + /3« 2 f 2,r f, 3a 2 3 1 c d<j> _ . . 

+ 17 ^ 2 ] o j 1 + - 4 V + . • .} + ^ _ 2m ' cos £ + ^2} • ’ ( 28 )- 


18. These integrals admit of simplification. 


Denoting 


f 2,r _ cos n<f> clef) _ 

o \/{ c3 + 15,3 — 2c®' cos <•(> + s' 2 } 


~ 4 - 1 - 1 4 . -^5 _ ~ 

<Z®' 2 + ®' dm' + ffe' 2 _ ®' 3 


I = 0, 


since I cos n </> is a solution of Laplace’s equation. 
Symmetry shows that 


therefore 


ffl. 1 dl cn _ » 2 

cfc 2 e do <fe ' 2 o 2 A — °’ 


— 4 . T _ 4 _ f- T 

d& + dz'V LC ~ do + c l ’ 


do T dsP] ~ dc\c dc c 2 dc ^ c s 


Substituting, we obtain 


v 0 = 2rfc i + 4- x | 


8 ede 192 \cdc) 


0 \Z(c 3 + m' 2 — 2cm' cos $ + s' 2 ) 


.. ^ / • , / . D , f , a% 2 a 4 ?!, 4 /. a?n?\ a 2 

+ 4m« 2 («, sm n* + A cob mf,) |l + — + ^ + | - — - 


1 (— Vi, (" cos ncj> dtp 

~ &i \cdc) J J 0 X /(c 2 + ®' 2 — 2cm'cos (j) + z /2 ) 


1 o 2 * a n+fin z f, . q a 2 r / a 2 \ 2 1 f* r/6 

1r “ C 2 j 1 4: c<fc 8 2 (cTc) J J 0 a/(c 2 + ®' 2 - 2c®' cos <£ + s' 2 ) 

6 XT 2 
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It is important to notice that at the surface of the ring differentiation with 
respect to c lowers the order of the terms once in a/c. Therefore the operation 

a a d 

— • — raises the order once in a/c. Provided that n is not greater than x /(c/a), that 

is, when the waves are long, the value of V 0 is given by § 17 correctly to the 
order (a/c) 3 . 

We shall, however, simplify the work by rejecting all but the most important 
terms, though it would be quite easy to retain terms of higher orders. 


§ 19. Let the point m, 2 ', </>' be near the ring, and with the notation used before 
be the point It.y. 

The most important term in f-- 

Jo A 


) 0 \/ (t*/ 2 — 2m'c COB <£ + c 3 + z'^) 
COB %4> d(j) 


. -• 8c 
is log - ’ 


The integral J o ^~S> 000 e'* bein ^ of the form 


is 


\/(2sfc) y/2 


log 


c 2 + P 2 )’ 

16 (g + 1) _ 2^/2 

q — 1 v 7 ( 2 tx'c) 


v'c) , 


>7r cos n<j> d<j> 


i + i + ...+ 


v /(2n7 , c) J 0 V 7 (*? — cos $) 
1 


2n —- 1 


(J. J. Thomson, * Motion of Vortex-rings,’ p. 26) 


= lo gf “ 2 f( n )> 

where 

/(») = !+* + . 


Writing <f> for the azimuth, instead of <j>, we have, therefore, that near the ring 
outside 

V 0 = 2«’{l + S5H/?-’}log! 

+ 4ira 3 2 (a n sin n<f> -j- /3 n cos n<j)) |log| - 2/(n)| . . (30). 

Inside the ring, therefore, 


V, = w{k*£ + *(l-5)} 

-f- 477a 3 2 (a« sin nxj) + /3„ cos n 4 ) {%“ ” 2 /( w )} 

+ 0.* .(31), 


where C is a constant of the second order in a„, &c. 
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As in § 11, we find that at the surface of the ring, 

V 0 — V< = 2 1 TO? t log - + ~ t («» sin n<j> + A« cos n<j>y 4t r 

4j Cl a 

+ a S (oL n sin n(f> + A* cos n<j>) [— 4-7ra 2 (a n sin n<j> + A* cos n</>)] — C. 
Since V 0 and V, are equal at the surface, 


C = 27m 3 (log~ -l)$ *?-±§!L .(32). 

Now 

U=*jV -dm 

= ^ 1 Uo { lo g “ + I ( x ~ J) + 2 ^ (l°g “ ~ 2 /( n )j (“« sin n <l> + A cos n <l>) 

+ (log ^ “ l) ^ - 3 ^” 3 j (c - R cos x ) R dR d X d(j> 

= 2tt% 3 c j( j (log ~ + ij J ~ + 2 t (log ~ - 2/ (n)j (a n sin n<f> + A* cos n<f>) ~ 

= 27r 3 a 4 c jlog f + i + (log ^ - l) t K 2 + A®) 

+ (2 logf - 4/(a)j 2(«» s + A 3 )}- 

Let a 0 be the mean value of a. 

Then 

U = 2«V» {log ^ + i + 2 S (log ?? - 2!/(») - *) («/ + A 3 )| . (33). 

§ 20. When the ring is thin and n is small the change in the radius of the cross- 
section is slow, and an approximation to the disturbed motion is easily found by the 
method of parallel sections. 

Trp z v — const. = C 

r2ir 

2T = irpft c deb v 2 

JO 

r2n 

h — 7 rp 2 c def> cv = 27rc 2 C, 
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Therefore 



2cC 2 

a? 


{i 


+ |S( 


a,, 


a 0 

^ {1 + 2 t (cf-n 


+ A 2 )} 
+& 2 )} 
+ & 2 )}. 


Let A„ be the component of momentum corresponding to the coordinate a n . Then 
the whole kinetic may be expressed in the form 


7,2 

{1 + 2 t (a,, 3 + /3„ 2 )} + | %h a A„ 3 


(34), 


where the terms in the summation are necessarily positive. Thus 


h* 


T - U = i th n A, 3 + {1 + 2 1 («.* + & s ) 


2M a 


7TC 


(L + * + 2S[X-2 /(»)-*](«.» + &*)} . . (35). 


Hamilton’s equations will give 


V„A,) + |+„ 


(It 


2M 3 


7rc 


[L - 2/(„) - i] «. = 0 


The steady motion will be stable or unstable as 
2 1? 2M 3 


Me 3 7 TG 


[L — 2 f(n) — |] is > or < 0. 


That is, according as 
Now, when n = 1 


[L — 4-f(n) + |] is > or < 0. 


8c 


L - 4/(») +| = log^- Si. 


( 36 ). 


When c > 3 a Q) this is positive : therefore for any ring whose cross-section is smaller 
than this, beaded waves cause instability. 

§ 21. Next consider a disturbance which leaves the cross-section of the ring by any 
plane through the axis an exact circle of radius a, but the centre of the section is 
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displaced to the point whose cylindrical coordinates are c — £ £, <f>, 
where 

£ = c t (a„ sin n<f) + ft n cos nef>), 

and 

£ = c t (y„ sin n<f> + S„ cos n<j>), 

£ and £ are taken to be small quantities compared with a. 

Let c — i — x, z + £, <j> be coordinates of any point of the ring, and sr', z, efV of 
any external point. 

The potential of the ring at to-', z' . ej>' is given by 


•v r _ f r (c — oc — £)dx dz de]> 

V ° “ J J - 2 (e - x-%) w ' cos (ef>' - <j>) + (e - a - jf + («' - a 


= fff 


g-(xH)dlde clx dz 


y/-JV 3 + c 2 — 2m' cos (<j>' — <j>) + 2 /3 } 


f 2 ,r e -«(»)-f (*&0 f f J 1 _ x T - z 4-, 

J o J J (_ etc ciz 


+ . . , \dx dz 


Y / {g/ 3 + C 3 — 2Cm' COS (<j5/ — 0) + z 3 } 


r 2 tt f ^2 / ,72 ,72 \ 

(illdo)—i (d/tli 1 ) va ii 1 + f f f- + -f- 
Jo [8 


J y/ {w / 3 + C 3 — 2crar / COS — <£>) -f ^ /3 } 


l 1 + s + + • • 


1 _,£+£* 
5 do te T 2 


* ‘ J v /{V 3 + C 3 — 2cgt' COS (<// — <£) + £ /3 } * 


Retaining only those terms of the second order in the small quantities a, /3, y, S, 
which do not involve 4>', 


V 0 = «» ji + | (L +1*) + • 


>7r C cl4> 

o s /+ d — 2m' cos <£ + £ 3 } 


- ” s { 1 + f (S+Js) + • • ■} { s <** ein «+'+ft cos n< v) i 

, ^ , . ,, , ~ ,,\ d If” c cos neb deb 

■+ 2 (y* sin neb + b u COS nefr )—,M ~~7r~n~, .». ~Z, . -jrr~m 

v/ ' ' dz J J 0 x/lra- 3 + e 3 — 2cw cos cj> + z 2 } 

i 3 f ■, i a V i \ i If “< 2 + & , ««7« + fi»$» d? 

+ ^ 1 + 8 W + dz' 2 ) + • • * M ~4““* 3 + 2 


7» 3 + S» 3 d 2 1 


I ^a ,2 J J 0 \Zies'' 2 + c 2 — 2cm' cos ej> + z' 2 } 
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Write 


= a H sin n(p' + /3 U cos n<p' 
£' = y H sin »</>' + §« cos n<p' 


Then 


?(d 2 . cP\ 


Y „ = Tra 3 < 1 + -z t; + 


8 \cZc 3 1 dz'y 

+-}{‘-f'!-f5+£S+-} Cpf 


c cos $ cl(j> 




ot' 3 + c 3 — 2crar' cos <£ + s' 3 } 

(1 — cos ncf>) d(f) 
o y/ {vs f * — 2cm f cos </> + z /3 } 


Let the point to-', z > <j>' be on the surface of the ring. 

Let 

m — c — R' cos and 2 ' = J1 sin % 

— c — a cos ^ = a sin ^ 

Retaining only the most important terms, 


V 0 = W (1 - f * - £~ + . . ) {log % + & 0 . 


dc dz 

+ *^(f|+fs) {*/(•)+/w^+ 

27ra 2 |log 8 -- C ~ ^ + ;:/(») 

27ra 3 {log ~ “ [/(») 1] |^5 

27ra s {log ~ + 2 [/(ft) — 1] («„ sin mf>' + A< cos n 4> ) ~ 2 


+ /3« 3 


(39). 


§ 22. Inside the ring the potential is V,*, where 

V,= 27ra 3 {log^+i(l ~f)-fS[/(«)-l]Ksinnf + AiCos^)-^—} > 

where R x is the distance from the curve of centres. 

The exhaustion of potential energy 


thus 




£') dx dz d^. 
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or 


For 


U = 2{log = + | - X - t [f(n) - 1] 

«} . 


M 3 

27rc 


, 8c , a.n + /3« 3 r r / \ 

log T + i - *—o [/(») 


M = {ff (c-x-^dxdzdfi 
— 2ir i w i c. 


(40). 


§ 23. The exhaustion of potential energy is therefore diminished when the ring 
is displaced so that the central circle does not remain circular. For this kind of 
disturbance therefore, the ring is stable, even when the fluid does not rotate. The 
effect of rotation is to increase this stability. 

We have therefore the following results. 

The annular form of equilibrium of rotating gravitating fluid is stable for disturbances 
symmetrical about the axis, and for disturbances which alter the shape of the central 
curve, but is unstable for long beaded disturbances. 

This result was, perhaps, to be expected, as by means of beaded waves, the mass 
would naturally be broken up into spheroidal masses. 

Section III. 

§ 24. The methods given in my paper, ante, may be used to find the potential of 
any ring whose cross-section does not deviate far from a circle. They will not, 
however, apply to a ring whose cross-section is very elliptic, any more than the 
potential of an elliptic cylinder can be obtained as an approximation from one 
whose section is circular. In this section, the potential of a ring of elliptic cross- 
section is obtained by taking the known result for an elliptic cylinder as a first 
approximation. The value of the potential obtained applies only to points not far 
from the surface of the ring. The potential at internal points may be derived from 
this, while the potential at other points may be found easily by other methods. 

Consider a ring, whose cross-section is elliptic, the major axis of the ellipse being 
perpendicular to the axis of the ring. 

Let the figure represent a section through the axis of the ring. 



(5 x 


MDCCCXCIII.—-A. 
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Let OC = c : CA = a : CB = b. 

Let x and z be the coordinates of any point in this section of the ring referred to 
CA and CB as axes. 

The potential of the ring at any external point ot', z, is 




(c — x) dx dz dcf> 


\/{(c — x) 1 + ns' 1 — 2ns' (c — x) COS (f> + (s' — zf} 


li 


, — x(d/dc) — Z (d/dz 1 ) 


( 2rr 

- 

o \ 


C clef) 


J o \/ (t*j /2 + c 2 — 2cm' COS <£ + Z 2 ) 


(41) , 

(42) . 


Writing D for djdc, and D' for djdz', and taking the double integral over the area 
of the ellipse, we obtain for the potential at an external point, 


r, , «TP + & 2 D' 3 

N 9 A T ^ , 


Y 0 _ 4 ?Tab ji + 2 4 2l 


+ 




113 (a 2 D 8 + ft 3 D /a y 
27476 41 

C clef) 


o\/(+ c 2 — 2cw' cos 0 + z'*) 

25. When the cross-section is circular, the formula may be simplified. Calling 


(43). 


d(j> 


J o \/ (nr' 2 + c 2 — 2m' cos (fs + s' 2 ) 

0. 


T>I. 


#1^1 1 dl 

ds' 3 c dc 


Therefore 


dT\ T _ dl _ dl _ dl 
dc 3 ' ds' 3 / C dc dc dc 

d 2 _£_\a _ d /#_ d^\ . 

dc 2 + elz' 1 ) Ci ~ dc \dd + ds' 3 / ■ 


d /I dl 
dc \ c dc 


# d3_Y T _ 
dc 2 + ds' 2 / 6>1 “ 


— (—A. (l f i7 

dc \dc 2 dz' 1 ) \c dc 


d 

dc | c 


4 /£)2 I _ ?L — (.~ — 

' ' dc c dc \c dc 


„ d (l d \ 3 _ 

~~ 1 ‘ 3 dc (c dc) 1 ‘ 

So that when the cross-section is circular, we arrive at the formula given in 
my former paper, p. 59. 

a 4 /Y d\ a 1C cd<f> 


•y _ M J I (f. ^ 

v ° ~ tTc 1 1 + & d^ ~~ 192 \ c dc 


o \/V z + c 2 - 2m' cos (j) + z ' 2 ) 


s • («)■ 



MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 


1075 


§ 26. Let the external point at which the potential is required be near the ring; 
let its coordinates referred to CA and CB be It cos y an d R sin y. 

The integral 

G_ cdjj) _ 

Joa /(^ /3 + c 2 — 2 cot , cos<£ -t - z n ) 

may be expanded in the form 


. 8c 


4" 


i 8 c 
l0g K 


E cos x 


+ 


t 


i 8c 

108 E 


16 


+ 


8c 

° g R 


- 4 


R 2 


16 


cos2 X/^ + &c - ( 45 )- 


Now 


jl + li 


ia a? D 2 + b 2 D' 2 


2 ! 


:.j log 


_ 1 


log 8c 


+ &c 

1.1 _1 11-3 a * 

2.4 2 c3 2.4.6 4c * 


8 c 
B 

- &c. 


, m «L ~ l l . U^3 (« 8 ~ b 2 ? cos4 % 

— - log It + 3 .4 0 ^ + 3.4. 6 ^ j>i ~ + * C - 


Let 


R 2 

JleM 


(46). 


vV - & 2 ) 


s \ = y> 


the second series is the real part of 

- 1 log a 2 - b* - l log y + J~ j2 + Yiil ^ + • • • 
Calling this series S, 

_Jill i-i 1 1 ii -3 A. 1 

dy [ 2 y ' 2-4 y % ' 2-4 ' 6 y & ' 

= \/y^l — y. 

Therefore 

S = | log (y + — ~ + const. 

Now, when y is very large 

S = - 1 log v /a 3 — 1 log y. 

Therefore 

2 3 

I - i i log 2 y - | + const. = — | log ^a 2 _ 52 _ 1 i og y. 

6x2 
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Therefore 

Put 


Then 


Const. = i + I log 2 — | log \/a 2 — 6 3 . 
# = a® - b\ 

y — cosh w = cosh (u + w). 


_. cosh w (sinh w — cosh w) . . , , . . , \ . i i i d 

S =-^- - -- — | log (cosh iv + sinh w) f f ™f log - 


= — \w — \ e 2w 


i log | ■ 


Taking the real part of this, we find for the first term of the potential 

16c u 


I log 


cl 


— £ e" 3K cos 2v 

Jj 


16c 2 


Calling the operator 


i , i.i « 3 D 2 + & 2 D ' 2 T „ 

i + H-2i- + &C,J D 


Since 

Therefore 


/ (D, D 7 ) uv = v/(D, D') u + D v u + D' v ^ u + &c. 
/(D,Wkgf-l)^ 


^^/(D,D')(log|-l 


4 _( 1 _ Rco s % \ _ i 

+ 2c 2 /0DV g R 


\^2c 

4- &c. 


It is easily shown that 




0D R 


12 d 


(e _3w cos 3v — 3e~ u cos v) + 


8c 


Retaining only the terms of the highest order 

d cosh u cos v 


/(D,D')|(log|-l 


E cos% 
2c 


(46a). 


(47). 


2c 


j 2 log - l ~ -S - i e ~* u cos 2v } 


Cv 

4- ——- (e" 3 “cos 3v — 3e““cos v } 
24 cd '• 


A 16c 1 \ 

l°g - u — l c p \ 

---— cosh u — cosh u e — „ „ a“*J cos v 


( Oj \ 

+ (- TS cosh u e~ %n + ^ e ~ s “)cos 3v 


(47a). 
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X/ 6 t 


1 T7- 

log-j ~ u = K. 


Then the potential of an elliptic ring at outside points not far from the ring is 


2 t Tab 


{ K - 


cos 2v + 


K -1 


2 cosh u — £ cosh ue~ u — T cosh 3 1 « 0 e _K |cos v 
+ { — § cosh ue~ 2u -f- j^- cosh 3 u 0 e~ Su ] cos 3v |.(48). 


At the surface of the ring u = u 0 and K = K 0 = log (1 Gc/d) — u 0 , and 


f d 

V = 2 nab j K 0 — |e~ 3w ° cos 2v + ~ 


K 0 - 1 1 + 2e- 2 -o' 

2 8 ) 


') cosh 


u 0 COS V 


2 — c~% u o 

24 


e 2w ° cosh u n cos 3v 


(49). 


The complexity of the expressions renders it useless to find the potential any 
further, in the general case : but for a very fiat ring, i.e., where b is negligible 
compared with a, the expressions take much simpler forms. 


§ 27. For a very flat ring 


■xt _ 7ii i i.i « 3 D 2 , 1 . 1.3 a 4 !) 4 , 
V = 4ir ab -j \ + -^5 —- h -^6 ~rr + • 




1 — — i 

8c, S B X Rcos x , 

B ' "2 c l "' 


(50) 


8c 


16c 


/ P) l°g jj = i (log —- u ) ~ i e 2u cos 2v 


16c' 


f P) log ~ = — ( e ~ Su cos 3v — 3e~ u cos v) + , 


If" P) l°g ^ = fg (log — « — :j e~ 4u cos 4v 


Therefore, 
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V 


K 


A-iral} 2 ^ e ~ 2 “ C ° S 2 v “16? 


+ 

+ 


K - 1 


^e 2,1 cos 2v 


\ a cosh n cos v 
2c 


(e Sw cos 3v — 3e ” cos v) -f- 


12 

a 3 

" 32c 3 
« 3 /K 


8c 


' 1 a cosh u cos v 
2c ‘ 2c 3 


(K — jC 4 " cos 4v) 

5 cosh % cos 3 v — sinh % sin 3 v 


+ 7 (? ~ 4 e “ 2 “ cos 2?; 


16 


— -r (11 cosh 3 u cos 3 v — 5 sinh 3 u sin 3 v) 
32c 3 v 7 


U/ 

+ - 7 -r (e“ 3 “ cos 3v — 3e~ K cos v) 
12c 3 ' ' 


10 cosh u cos v 11 a 2 


16 


128c 3 


+ 


(K — cos 4v) xl 


16c 3 


Therefore 


Y/27 rob — K — ^ e 2,1 cos 2v 


d— -i cos V 
c 


K 


cosh u 


4e 3! ‘- + 9 + e -3 ” 
lg -.-e 


a* | TT 4 cosh 2 m + 7 


+ 1 K 


der 


48 


e~ 2f/ cos 


64 


3_ A _ 339 _ 7. 

16° 256 3 2" c 


1 g-4* 


256 


+ ~ cos J K 


+ T cos 


3 cosh 2% + 2 


32 


1 1 I _ 11 . j JL 

l 2 e « 3 2 « 1 


92 


+ 9V e- 4 "j 


2 56 96 


1 g — %U 


96 


(51). 


At the surface of the ring 


u 


0 3 K = log 


16c 


and 


Y = 2«6 K l + Ui -«f 3 + eoB« 7 


K 


+ cos 2v 


* ' 32 + 192 / c 3 


— trr cos 3v 
24 c 


25. 
7 6 8 


C" 


cos 4u 


(52). 


§ 28. Let us take Saturn to be a sphere of radius r and of density p. Assume 
that the ring is fluid rotating with angular velocity oj, of density cr; let its section 
be supposed elliptic (semi-axes a and b), b being much smaller than a : and let its 
mean radius be c, 
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It is necessary that 


2 TTcrab -{ K + — -|) cos v -f 

C \ a 


— cos 3r-^-^cos 4v 


1 . -L / i A7.1 

2 ' ' 12 ' 192 / /•« 


cos 2v 


+ br P rH- + 


cc cos v . a'? cos 2 v 


+ 


+ 




+ 7 T {c 2 — 2 ac cos v + cos 2 v] 


(53) 


should be constant at the surface of the ring. 
Therefore 


and 


Thus 


and also 


a% 4K - 7 


ar 


7 T(J ■ 


+ f 77/3 -y — new 2 = 0 


7 ( , , 80K + 271 a?] , a ah-' , 

2,w “ 4 |-i+ — ? j +-r+ 


I 




a* 4K - 7 b a? , r 5 


a c“ 


O' + 3 A P 


8 OK + 271 a 2 
96 c 2 


o' — 


(54). 


As a rough approximation to Saturn’s rings, take 


and 


and also 


therefore 


- = | and - 

c c 


5 . Then K = log* 64 = 4‘ 1 5 


o 


( 0 " 


7 r 


' 15 c7 cr + ^ 
2*44^ 


(55), 


p/cr = 4‘58 bja. 


For a ring, about the thickness of Saturn’s, we shall have roughly p/cr — ; or 

the ring would need to be 100 times as dense as the planet, if it were a continuous 
fluid mass. 
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Section IY, 

§ 29. The motion of two or more vortex rings on the same axis is most easily dis¬ 
cussed by means of the stream-line function. The determination of this function is 
easily reduced to the determination of the potential of a distribution of gravitating 
matter, so that the preceding methods apply to this problem. 

The Steady Motion of a Vortex ring of Finite Cross-section. 

As before, let the figure represent a section through the axis of the ring. 

Let 0 be the centre of the ring, Qz the axis, C the centre of gravity of the cross- 
section. 


z 



Let OC = c : the cross-section is nearly circular; let its equation be 

II = a (l -(- cos x -f- fig cos 2x "b &c.) ... . . (58), 

where /3 1( /S 2 , &c,, are small quantities. 

Since C is the centre of gravity of the cross-section 

f 2 xr rll 

II cos v II d II dv = 0» 

0*0 

Therefore 

r27r 

(1 + & cos x + fin cos 2x + . . .) 3 cosx^x — °> 

J 0 

or 

A. + A A + A A + A A + • • • ” 0 • 

Now it will be shown that 

A is of the second order in a jo ; 

A of the third, &c. 


(57). 
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Thus /3j will be of the fifth order. 

Therefore, correctly to the fourth order, the equation of the cross-section is 

R = a {1 + $5 cos 2 x + A 3 cos 3y + At cos 4y} .... (58). 


§ 30, Let co be the molecular rotation, and 'P the stream-line function. 
Then 


outside the ring, and 


(P'V dW _lg 

dz 9 dm 9 m dm 


= 0 


dz 9 dm 9 


1 dW 

m dm 


+ 277TO) — 0 


inside the ring, while 'P and d'V/dn are continuous at the surface. 
Let the vorticity be constant throughout the ring. 

Then w = (M/ 2 ) nr, where M is a constant. 

Write *P = x^, and the above equations become 


and 


fx , c fx , I ( bc __ x _ 0 

dz 9 dm 9 m dm m 9 


dz* T 


*2£ + 
dm 3 T 


i^X 


X 


-j- Mnr 



0 


J 


Therefore x cos <f> is the potential of matter of density (Mnr cos <£)/ 47 r occupying 
the same space as the ring. 

Therefore, at any external point, nr', z, 


xoosf = 4 “cosfffj 


! cos cf) dm dz dcf> 


\/{m 9 — COS (f> + w 3 -f (%’ — z) 3 } 


Therefore 


M / r r r w 3 cos <£ & d<fi 

47r J J J\/ {sr /3 — 2 stw / COS 0 -h m 9 + (af — #) 3 } 


(59), 


the integration extending all over the ring. 

(The value of SP at an internal point may be found as the solution of 


ctff d*V 
dz* + 


1<W 

m dm 


-j- Mr .- 2 = 0 , 


which gives values continuous at the surface). 
Let 73 — c — x. 

Then 

MDCCCXCIII.—A. 6 Y 
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M , 

’E = —■ 7S 
477 

„ M / 
”477^ 


f (c — a:) 3 cos cj) dx dz d<f> 

{ra' 3 — 2&' (o — x) cos cj> + (c — xf + (z' — z) 2 } 


g — cc (d/clc) - s (tf/cfe') ( 


f 27r C 2 COS 0 

) o ^/{V 2 — 2cm cos <£ + c 9, + z'%} 


where the double integral is to be taken all over the area of the cross-section 
II = a (1 + jS 3 cos 2^ + & cos 3y + Ai cos 4y). 

§ 31. While finding this double integral we may treat djclc and djdz' as constants. 
Put 

d _ d _ . 

= V cos a — = V sm a. 

dc dz 


Then 


The double integral 


taken over the area of 


, d 3 d 3 

V 2 — — -J- 

dc 3 ^ dz’* 


^ • ^7 cos ct *4* $ sin 


R = a (1 + /J 2 cos 2y + cos 3y -f A cos 4y) 

may be conveniently calculated in three parts. 

(1) Over the circle of radius a ; 

(2) Pound the circumference of this circle to obtain the first powers of /3 a , /3 3 , (i i ; 

(3) To find separately the coefficient of /3/. 


Part (1) 


where 


where 


= |J,e" v(a!C08a+slsiB “> dx dz, 
x 2 z 2 < a 2 . . 

= a? |j 'e~ vi d£dl, 

e + ? < i, 

?di 


="i: 


2 e ~ avsine cos 3 6 dd 


w - \ ^ 2 2 .2 ^ 2 2 .4 2 .3 ^ 
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Part ( 2 ) 


= a 2 f e~ avcoB(x a) (/3. 2 cos 2y + As cos 3y + A cos 4y) d% 

j o 

J 2 t r 

(A cos 2a cos 2 xp + A cos 3a cos 3i jj + A cos 4a cos 4i//} e~ av cos ^ dif/ 


f3Jd? d* 


4 Wc 3 <fe' a 


! _i_ i A* , 

+ 12 + 384 + ' ’ • 


12 Itfe 8 3 do cfe ,3 /\ 1 "*“ 16 


„ 6 A/^ 


"*" 77a 192 \dc* 6 (fe 3 dz'* <fe' 4 / ’ ’ 


Part (3) is easily found to be 


<jA 3 L 5 SOS a 4 /# 

T + "“Write 


_d 2 _ cT 
6 <ic 3 cfe' 3 + dz ri 


At any external point the stream-function is, therefore, the effect of the operation 


W,«V,_aV , 1 , 


•"'P+f+5S + SS.+ --- +- 


4 &> <fe” 


a 3 V 2 a 4 V 4 

12 "*" 384 "*“ ‘ 


k /8 3 / # n dd?\( a 2 V 2 

^ 12 U7 ” 3 * ^ 3 j l 1 + 16" + • • • 


192 16 (4/ ^ b <^ 3 S/ 3 + cfe'V 


f 27r c 3 cos cj) d(j> 

Jo x/(™' 2 — 2^'ccos <f> + c 3 + £ /3 ) 


32. Now at the surface of the ring 


f 27r _ c 2 cos d(j) _ 

1 o a/( y /3 cos <£ + c 3 + £ /3 ) 


is of the order > 


d* f 2 * 


c 3 cos <jf> dcf) 


dc n }o \/(™ /2 — 2m'c cos </> + c 1 + z ' 3 ) 


is of the order a n —— i.e., - > 
a n+1 ’ a 


a %, V f 2 " c 2 cos <fr cty _ 

\<fc 3 d^J Jo \Z(m’ 2 — 2m'c cos (/> + c 3 + P 2 ) 

6 Y 2 
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will be shown to be of the order 


a e 2 . c 2 (a\ n 

a 2 ” .V, - ^.e., - ( - 

cic n+1 c n a \c 


We have assumed /3 3 to be of the second order, /3 a of the third, &c. 
the above formula, all terms as far as ^-Y have been retained. 


§ 33. Let 

Then 

Let 

Then 

Or, 


=r 

Jo 


c cos cj) dcj> 


o ^(w' 3 — cos </> + c 3 ~f z f ~) 


a !? 2 rfc 2 “cdc" 0. 


U = I. c. 


, d?\ IT __ API , 2 dl , dn 
dc 2 + cfe' 2 / U " C Uc 3 + e dc + dz ' 2 


V 2 U = 3 f > 


V*U = 3t V 2 I 

dc 


= 3 - 1 £(lf)- 


Hence 


V 6 U = 3.11 V 2 f- ^ 

dG \c dc 


_ 8<1 1 Jlv 8 ----/'-—U. 


dc [ g dc c dc\c dc) 


V-U = 3 . 1 (-l)...(- 2 B+ 5 )|(I|ri 


Therefore, in 


. (65a). 


§ 34. Therefore at a point ns, s', <jj', the stream-function is given by 
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Ma 3 e / f, , , 3a 2 1 d a 4 / 1 dV a 6 /I clV a 8 /.I d 

2 1 1 + 2 + 8 e dc + 64 U dc) ' 3072 l c clc + 81920 [c dc 


Ma 3 , cs 3 /3 2 / d? d? 


a? 1 dl . a 4 /I d 


__ r JT_L2L±_4. JA HA 

“24 \* 3 dz'y [ 4 c & T 128 \c tfc ; 

M<x 3 ,a 3 /3 3 /# _ d _cP \ Yt _l ^ I f®\ 

2 ^ 24 VZc 3 3 dc dz'y ° \ + 16 c dc) 

, Ma 3 , a 4 //S 4 5/S 3 2\ /# „ d* d? #\ 

‘ 2~** 4’!U +_ T6'jl& 4 “ 6 ^^ + ^' 4 J Cl * 


Using the fact that — ~ + ~j“r 2 = 0 , and neglecting terms of order higher 

/ a y /i d\» l 

than (-) since (- —) I is of order — at the surface of the ring, we find that 

\ C j \G CtC j W'C 1 ' 


M (fie® 


Therefore 


where 


2M/ 1 __ f 3ft 3 1 d a 4 /I d\ 2 a 6 /l d\ 3 , a 8 /I d\*-[ T 
” j + 8 c * + 64 \e dc) 3072 \e cfc/ + 81920 \c dc) J 1 

, „ f3a 3 1 cl , (8c 3 + 5a 3 )a 3 /I d\ 2 , a 4 c 3 /I d\ 3 , a 6 c 3 /I cZ\ 4 1 i 
+ ^1T ~cdc + 16 \cdc) +T \cdc) + 256 \~cdc)\ L 


3 I 8 Wc/ r 6 \c dc ^ 32 Yc dc 




m<a ,r , l <n , , ,/i i\» T , 

T” a “I + °> ac 7 * + 0 7 * I+ ' 


a o — 1 + AT 

_ 3cr 3<r Q 

a i" 8 4 

_ o ' 3 . o /i i 50-2 

a a-U4 +/33 (^+ 16 


^ _1_ Q * _ A 

3.2 10 “^2 8 6 


4 " 5.2 14 


i a _ o E. , & , 5 A 2 
^ Ps 256 Ps 32 ^ 24 ^ 48 


§ 35 . Let the point ts , z, <j> be on the surface of the ring, so that 

ts' — c — R cos x> d = R sin x- 
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Writing l for log ( 8 c/R) — 2 , and s for E,/e, we have 


t 7 , Z — 1 i / 6 / + 1,3/ — 4 0 \ g 

j = z + « cos x + —TJ- + cos 2 x 6 


33/ + 1 


cos x + 


15/ - 23 


cos 3x s ' 


, /540Z + 27 , 240/- 23 _ . 105/- 176 , \ 4 , 

+ +-^7^ C0S ^ + ^572" C0S 4 + S +' 


A 003 X 


(Supra, p. 53). 


cos x — aFa cos 3 X 


36/ + 3 , 24/ + 3 0 „ , \ , , 

ITT + “Sr~ C0S 2 X “ T¥S COS4 X s 3 4- • . . 


We obtain, by differentiation, 

1 dJ 1 f /2Z + 1 cos 2 %\ (201 + 5 


1 <Z\ 8 


J=i cos 2 x + + 


cosy cos 3% 


12/+ 5 


4- 32 cos 4x) •+ 4 • • 


1 d\* 


{2 cos 3x 4- (2 cos 2 x + i cos 4x) s 4 • • •} 


HT J =?!d 6 coB ‘ i x +’--5 


Multiplying by ct' or c (1 — s cos x) 


T ts' , / + 1 , (21 +5 / O \ 2 

J- = 7-~ s cos x + f jg ig cos ^XJ s 


31+5 


31 - 1 


ldJ 

o do c 


12 / + 11 , 12 / +17 _ 15/ — 8 \ 4 

2048 + 768 C ° S 2X 3072 C0S 4x ) * + *' 

. f (21 + 3 cos 2%\ 

i -»*+ —+— • 


+ cos X + A cos 8 x) ** 


41 4* 7 , 4Z -f 1 ~ i yi\si 

”128 64^ C0S 2 X + tIsCOs4x)s s 4- • • • 


If o / cos % cos 3y\ 

«*) J 7 = SO 008 2 * - (— 4 / s 


12/ + 9 
32 


4- 1 cos 2 X + 4 cos 4 X ) S 8 . . . | 


1 j EL __-L ^2 cos 3x + (cos 2 x — | cos 4x) s 4- • • •} 

C CtCJ G G S' 

i{f 3 7 = + h i - 6cosi x + --- } - 


I- • PC 
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At the surface of the ring 

R = ct (1 cos 2 X -j* &c.). 

8c 

Substituting for s, or (1 + A cos 2 X + • • •) and writing log — — 2 — X, 


T m' x 2X + 5 2 12X +11 4 2X — 1 , 2 p . /3 3 3 

J 7= X + ~i6 _<r +~2048~ 17“^+ 4 

/ \ + 1 , 3\ +5 2 ^ \ 

+ cr cos X ^- ~i &J 

„ / Act 3 12A +7 , „ A _ X + 2 

+ cos 2 X (- T 5 + ^88- O’* - A - l «ft + — 

i o / 3\ — 1 3 O 'Xo'ft g \ 

+ COS 3 X - 109 - & - "X") 




I /I ( 3 4 Q X Q 2X 1 2/3 I ^2 2 \ i 

+«* 4 x(- ~«r<’'A+ tJ+- 

1 [" 2\ + 3 4\ + 7 s +1 g i o \ 

s ^-^-- W -^ + cosx -l + -37-^ + i^J 


A_- 1 3 „ \oj gg h 

192 “ 3 4 j 


ldJm' 1 I2A+3 4A+7 , . / - . 4A + 1 . 

crfc 7 = A { I - ^ 128~~ ^ + cos x(^— 1 H 32 “ ^ 

+ cos 2 X (j + 4X gJ-“ o- 3 - J o#j + i/3 3 j 

+ cos 3 X (^32 + i &) "I" cos (^Y28 2 )} 

1 dV T w' If 12A + 9 2 o ' 7 1 0/1 0-2 

7*) J 7 = oV 1“ 32 ^ - ft - 4 008 X + “os % (1 - 4 

- jcos 3 X - 00 s 4 X (A + ftjj 

^l) 3 j 7 = ^{ _<r008 2 ^ _2c0s8x_i<7C0s4x } 

1 d \ 4 T ta' 1 

7*) J 7 = ,v 6 008 4 * 




1 d_Y T- 

edc/ J c 


• ^ cos 8 X — cos - 


§ 36. Now, in the steady motion, if Y be the velocity of the ring, 

■vp — ^ Vot 3 = constant at the surface of the ring . . . . (73). 

Therefore 

/ IP T! 3 \ 

¥ _ iy + - 2cR COS X+J+J COS 2 X j 

is constant when 

R = a (l + yS 2 cos 2 X + . . .). 

Therefore 
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1 + Y + A A + cos X (— 2<r - cr/3 3 ) + cos 2 X (^ + <r 2 A - o# 


i 2 |_ 2 2 A \ >- A y2 6 

— o-A cos 3 X + COS 4 X — o-A + 0-2 f 2 )}. 

is constant. 

Equating the coefficients of cosx, cos2x ? cos 3x» cos 4x to zero, 

/ X + 1 , 3X + 5 2 ^ o\ \ „ f i , 4 X + 1 9 . 

w [- — + " 64 " a 4 &) + (“ 1 + 32 ^ + 2 ) 

Y 

- i + ( 2cr + o-A) = 0 


«D -“ + 


Xcr 3 , 12X 4 7 


X 4 2 


16 1 768 


A-icrA + ^f- J ^A 


+ %(i + & + *&)+A 

- ^ (f+ - A*=° 

3X — 1 _ P) 0 Xcr ^ \ , / CT" , /3 2 \ 

192 ^ t&) + < M32 + 27 


a 3 4 - 2a 3 + Ma3 a-A - 0 


15X - 8 


3 4 ~ S crA 


^L-I^A + IA 3 ) 


+ a ' (5s + f) + “ 3 (“ 32 " &) 

+ a 8 i + 6 «4+ j^(crA-o- 3 f) = 0 


Now, w = 4 Mot ; therefore, if to be the strength of the vortex, 


to = jjwdlcr = | M ff(o — R cos x ) E cfft cZ x 


4 M ira 3 c (1 


Substituting then for M a 3 , and solving the above equations : 

-y _ m [4X4 7 12X4 9 „] 

7rc (_ 8 64 j 

r. 12X 4 7 o 72X 4 77 . 

& =—22 _ : tr ' +_ 3^" flr l 


A = — 


168X 4 63 , 


84X 3 4 11IX 4 41 
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These equations give the velocity of the ring in steady motion, and the form of its 
cross-section. The cross-section is slightly elongated in the direction of the motion 
of the ring. The quantities fa and /3 4 are very small; for example, when cr — ‘3, 
the case of a very thick ring, 

Y = 2-96 X ^, fa = — -063, fa = - -006, fa = -005. 


§ 37. Fluted oscillations of a Circular Vortex-Ring. 

Let the cross-section of the ring when disturbed be given by 

R = a {1 + t (a„ sin ny + fa cos ny)}.(78) 

At an external point, not far from the ring, the stream-line function is given by 


9110 , \ju 


8c 


, 8c 

los 5 


It COS 


% 


2 


3 OF cos ^ 
8 cR 


, mo . a n / , 0 x 

+ 7 * nEf ‘ sm + A cos n x ) 


. . (79). 


Let the central circle of the ring have moved a distance z 0 from the plane of x, y. 
Then 


01) ^ 0 p 

+ ^7 2 0 + gy c = a + t [(««„ + aa ri ) sin ny + (a/3„ + a fa) cos ny] 


Now 


and 


Therefore 


-f a 2n (a H cos ny — fa sin n x ) (y + gr c 


II 

cos y, 

II 

siny 
R : 

DR __ 

; - sin X, 

3y 

COS y 

clz 0 ~ 

dz n 

~~ R 

it ^ 

1 (DP 

. 

1 (bp 

cr R(/y ’ 

y -- 

m Edit 


R - 


m 


Iog E ~ 1 1 


7T (C — E COS %) . 

m 


+ 


2 c 
1 . (V 


- . , 8« 3 1 . 

-smy + — smy 


tt (c — R cos y) R R 3 
6 z 


8 cIV 

Y — {a n cos ny — fa sin ny) 


(80). 


( 81 ), 


MDCCCXCIII.—A. 
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and 


■m 


^ 7 r (c — R cos y) R 3 


(82). 


Writing R = a, and neglecting a in comparison with c 


~ (log |j sin x 2 0 sin X + c C0S X + ~ t («» cos n x - fin sin n x ) 


a + at (a„ sin n X + fi„ cos n x ) + ~ % n (a* cos n x — fi n sin n x ) . (83). 


This equation gives 


a — 0, c = 0 


v j /1 ^6 

or V = — log- 


27 vc \ a 


u, 


m 

’* ~ ^ 


m 


(n — 1) fi„ — 0 


fin + —i (n — 1) a, — 0 

1TCI M 


Therefore 


■VI' 


+ ;; ai (n-iy«, l = o. 


(84). 


(85). 


Therefore the time of an oscillation of the type 


a„ sin n x + fi H cos n x 


is 


2' 


7 T 


2tt% 3 


7T0S 


The steady motion and small fluted oscillations of a single vortex ring have been 
worked out by Mr. Hicks by means of toroidal functions. Only the simplest case, 
that of a vortex ring in a fluid of equal density, with no added circulations, is 
considered in this paper; the same methods might be applied to other cases. The 
steady motion given above agrees with Mr. Hicks’ result, in the velocity Y, and the 
value of fi n to the first order. 
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Section V. 

The motion of any number of fine Vortex rings on the same axis. 

§ 38. The stream-line function. 

The cross-sections of the rings are approximately circles. 

In each ring, let the vorticity be constant. Then co/zs = constant, over each ring. 



Let <u = |M s n7, ^M 3 ot, &c., in the several rings. 

The stream-function 'F satisfies 


dm dm _ 1 09 

cfo 3 dm^‘ ns dns 


0, outside the rings ; 


dm dm i dm 

fifi + dfi> ~ v fin + = °> inside the rin 8’ °1; 

cftyfr c p\Jr i c i\p 

If + dfi “ W dfi + M 2 ro3 = °> inside the rin S C< 2> &0-; 

while MF and dmjdn are continuous everywhere. 

The value of ’F at any point zs', z', fi ) outside the rings is given by 




m 2 cos <£ clz dm dtp 


47r J J J\Z{(^ — #) 3 + w /3 — 2mm' COS <p + m' 2 } 


where the integrals are taken throughout the volume of each ring. 

Consider the integral over the ring whose mean radius is c v and cross-section a u 
and whose central circle is distant z x from the plane of xy. 

Let 

= c i -/] 

2 = % x -f- h / 

6 z 2 
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Due to this ring alone 

AI> _ _ 1 _ 


47 T 




cf cos $ clef) 


2 c x m' cos cj> + c^} 






cf cos cf) d<$> 


if 4- w' 3 — 2c } ts' cos <£ + ^ x 3 } 

Take a point on the surface of the first ring. Let its coordinates be 

Cj — a x cos x> z i + <h sin X- 
The part of r P due to the ring itself is 

+ 


(87) 




The part due to the ring C 3 is 

^7r(Ci —Gi COS;x) 

h* \ 

2 


9 I log 8 Cjpi - i <h 


r cos x + • . 

n 


. ( 88 ). 


M 3 tx 2 3 


i Tr{Ci —«i eosxl 

■\/{(h + a x si 
0 


cf cos d(f> 


sin % - z 3 ) 2 + ( Cl - «! cos x f - 2c a (c x ~ 7 cos x) cos </> + c a s } 


COS (/) 


Let the integral 

r_ 

Jo,\/ {(% %\f 4” ^l 3 COS (jf) + ^V} 

be called I 12 . 

Then the part of W due to the ring C 2 is 


dl 


dl 


'^SHLaCi/f Cq f -J- . • WJ-19 M7-M( 

- j I 1S + a, B m x - «i cob x ^ 


(89). 


cA?! is constant: write 




2. „ m l 


7 T 


Then at a point c x — a } cos x> 7 + a x sinx, on the surface of the ring C ]} we find 


T m, 1,8^ log 8 cjc^ — £ «! 

^ I c i lo g 7 “ 2 “ 9 — 7 cos X + • • • 

7T - h-j 




+ -J 1 1 ia + «i sin x 

7 T 1 


+ . . . 


dl^_ 

dZy 

dl 19 

- Uj COS X 

dl^ 

dZy 



. (90). 
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§ 39. The equations of Motion. 

Let the ring C x be moving forward with velocity z x 

Let its radius increase with velocity c x . The radius of the cross-section will change, 
but since a , 2 c, = const., 


ah 


1 a l c 

2 „ ° 1 » 


and therefore (a x /c x being small), a l is negligible compared with o x . 

The normal velocity of any point on the ring’s surface is 

z j sin x — o x cos y — a i- 

But the resolved part of the velocity along the normal to the ring is 

1 cWdz 
m dm ds m dz ds 

Therefore 

■ . ■ • 

~ = t^(z 1 sm x - <h cosy — <h) • • • • 

at the surface of the ring. 

Therefore at the surface of the ring C x , 


(91) 




= | ( 2 X sin x — c x cos x — a x ) us ds 

= | (z x sin x — c x cos x — « x ) (c x — a x cos x) a i <%x 

= — a x c x 2 X cos x “ a i c i c i s bi x + terms of higher orders 


(92). 


Comparing this with the value already found for M* at the surface of the ring, we 
obtain 


m i /i_8c x 

1 “ 27T ' 


m 2 dl n 


m s dl l% 


** = =* 11 ° ^-i) + rt + T-Jr + 


11 


and — Cj c x = 

If we write 

then this equation may he written 


m 2 ( ^12 . fl h dl 1S | 

7T dz l 7 T dz 1 


i 


(93). 


2»i 13 =lt, 

7r 


m-. 


and 


log ( 


8c x 


2tt ' » 4 


m \ Cl *i 
OT X C x C x — 

Similar equations hold for each of the other rings. 


11 + ^1 

“ dc. I 


dU 

dz x 


(94). 
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§ 40. Two integrals of the equations. 

Since U is a function of z 1 — z x — z 3> z 2 — %, See.. 


dU dU 
(hj dz 2 


Thus t ni x e x c x = 0. 
Therefore 


$ m x c x — const. 


. . (95). 


Again, multiply the equations by c x , z x , c. 2 , z 2 , Sec., and add. 
Therefore 


t ¥l( l0 3-__ 

* 2 tt l° g «, 4 


■ Ci + S (*; c 1 + S( 2 ') = 0 ' ■ ■ 


(96). 


Remembering that a x c x = const.; this equation gives on integration 

t (log— — i) + U = const.(97). 

a i ! 


§ 41. These integrals are the equations expressing the constancy of linear 
momentum and of energy in the system. 

They are easily obtained directly. 

The momentum 


J J Jm dm 1 


(98), 


the integral being taken all over space. 

Since M* and dw/dz 3-are continuous everywhere, this 


/.00 

-2;r (¥„ - %)dz .(99), 

J — 00 


where Ty = value of W at a great distance from the axis, and = value of 'P at 
the axis. 

Now 


and 


^ M 1 f” crq cos <f> dtp 

7r J o \/(z — zf + — 2 otCj cos <£ + q a 

^ _ ro a q 2 _ 

2 {(* - *i)* + 


(100), 


^o=0. 


Therefore the momentum 
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foo 007 

——, 

{(* - z x f + nr*}* 

TV 1 2 r /2 sec3 0d0 u + a z — % 

— 27t a m,C| -, ,, , where tan o' =-— 

1 1 J o sec -5 6 m 

= 27 r S MjCj 3 . 


42. The kinetic energy is given by 


T 




d'Tjs cLz 


rr9/dW , cm 1 d'¥\ , , 

HI ny& + Mi-i*;) dad> 


Now, outside the ring 

and inside the ring 

At the surface of the ring 

•'F: 


dm cm i m _ r) 

dz 3 due 3 w due ’ 


27?i 1 c 1 

7ra, 3 


mx. 


log 


8c, 


2 + 2—1 


7T 


12 


Therefore, inside the ring C+ 


'P = 2^ (log 


8 S 

1 


*)+ *?*■■+ *r 


"Vl , , 


r>3 

It" 


Integrating throughout this ring, the part of the kinetic energy 
this is 

$ m x \ flog - 1 -i) + m 1 (w 3 I 13 + m 3 I 13 + . . .) 


Adding the integrals arising from the other rings, the kinetic energy 


O r 

— 4w -j t m?e. x (log -- 1 - f) + 2 2 \ . 


( 101 ). 

( 102 ). 


. . (103). 

. . (104). 

arising from 

. . (105). 

. . ( 106 ). 


The equations of motion may be written in the interesting forms, 
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The preceding work exemplifies an interesting fact about vortex motion. When 
the configuration of the vortices are known, their various velocities are obtained by 
linear equations ; just as in the case of gravitating matter, linear equations give the 
accelerations of the various parts. 

§ 43. When there are only two rings, the equations of motion are— 


where 


mi /. 8q 

^ = g (log - 

Trcqcq = 

m 2 /, 8c q 

TTC^ =j(h g- 


7 TC 3 C 3 : 


i) + 


m, 


i) + n h 


m 


ell 

dc x 

C IL 

2 dz Y 
dl 
dc 2 
dl 

d% o 


-j. __ f ^63 COS <p d(j> 

Jo \/{(% 4“ cos (j> 4* 


. . . (108), 


The two integrals of these equations, already found, are 


m i c i 2 + m s c 2 3 == constant. . . . . , . . (109), 

Y °i ( lo S 7 J 1 ~ ^ (log ~ + m L m, 2 1 = constant . ( 110 ). 

Suppose the ring (C 2 ) in front of the ring (C 3 ). 

Then % x — z % is positive, and 


di f’ 7 _ qcg (q —■ g 3 ) cos <j> cl<f> _ 

dz So \/{(% — %) 3 + q 3 — 2qq cos <b + c 3 3 } 


The integral is easily seen to be positive. 

Therefore the radius of the front ring increases, and of the back ring diminishes. 
These changes cause decrease and increase of the velocities, so that it may happen 
that the second ring will overtake the first. 

That the motion is of this character was shown by Helmholtz, ‘ Ckelle’s Journal 
vol. 55, pp. 54, 55. 
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§ 44. Vortex Ring approaching a Fixed Plane. 

This question is at once reduced to the case of two vortex rings on the same axis, 
by taking the image of the ring in the plane. 




o, 



o 



Let z be its distance from the plane at any moment. 
The equation of energy gives 


c 



8c 

a 


c 3 cos <f> dcj) _ /1 

0x /{4# + 4c 3 sin 3 (!<£)} _ C ° l l0g a 0 


where c 0 , a 0) are the values of c and a when the ring is at a great distance from the 
plane. 

Put 


Then 



2 xjj. 


d%!-i)-^ + ^(F-E)+, 7 ^-,F = o 0 (logfi-i) . (111). 


8c n 


V & + 


where 


\/e 2 + 


is the modulus of the elliptic functions. 


This equation gives the relation between the radius of the ring and its distance 
from the plane. 

Put 


\/ e 3 + « 3 


= sin 0. 


7 A 


MDCCCXCIII.—A 
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Then 

c ^log ~ — 2c cosee 6 (F — E) + c sin 0 . F = c 0 ^log ^ . (112). 

In addition to this a?c — a () \ r 

When the ring is so near the plane that a is much smaller than c, though greater 
than a, 

F = log - l°g ~ ■ approximately. 

E — 1. 

Therefore, 

« (l«7+ *) = «.(log*-i) .(113)- 

When the ring is near the plane, the equations of motion are 


* m 

2i tz 


(“A 


c% 



(115). 


From these, or more simply from the equation of energy 


Therefore 


Let 

and 


Then 


m , A / c 

— — 4/ - . 

7 TCOn V C n 


CqIc [log(8c’ 0 /a 0 ) — 


mel 

TTCL, 


(h - h )=r Vi ■ * 


'c [log (8c 0 /«o) - 1] 


c/c 0 = x \ 


1c = l og ^ 


7 

4* 


me* 

2a 0 c 0 


(h 



dx . 


(116). 
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The following Table shows the change in the radius of a ring in which c 0 /« 0 = 100. 
When the ring is near the plane, the approximate formula 


c(log~ +i) = c 0 (log^ 


was used, but in other cases the exact formula. 


• 0 , 

z 

a 

0 

% 

c 

% 

O 

45 


104 

1*04 

60 


61-8 

1-07 

70 


40*0 

110 

75 


30-5 

1-14 

80 


21*3 

1-21 

83 


16-0 

1-30 

85 


121 

1-38 

86 


10*1 

1-44 


10 

812 

1*52 


8 

6-26 

1*63 


6 

4'67 

1*80 


5 

3-60 

193 


4 

2-75 

2*12 


3 

1-93 

2*42 



7 a 2 
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§45. Vortex ring passing over a Fixed Spherical Obstacle. 

When a vortex ring lies on a sphere concentric with a sphere in the fluid, the 
method of images may be applied, as is shown by Mr. Lewis, ‘ Q. J.M.,’ vol. 16, p. 338. 



Let m 2 be the strength of the external ring 
c 2 its radius, 

the radius of its cross-section, 
z 2 the distance of its centre along OZ. 

Let m v c,, a,, z v be corresponding quantities for the image 
Then 




At any external point P (coor. z, nr, <f>), 




= *» a f 

Jo 


c 2 m cos <£ d(j> 


y/ {(z — 2 3 ) 2 + w 3 — 2mc% cos </) + o 2 3 } 

V c. 2 f 77- cos <j) d(j> 


3V / {(^-%) 3 + cr a — 2rarCj cos + C\} 


The equation of energy becomes 
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a i 


C 1 2 & \«i 


CjCj cos 


a/{(% — ^l) 3 + c 2 3 — 2 c x c 2 cos < f > + c/} 


— m 3 3 c 0 (log “ 4 ) • 


8c n 


(117), 


where a 0 and c 0 are the values of a and c, when the ring and sphere are a long way 
apart. 

Let the radius of the sphere be h 


Changing to polar coordinates, let 

Co = r sin 9. 


& • a 
Oj = — sin 9. 


z 9 = r cos 9. c, = - cos 9. 


Then 


(z z — 2 j) 2 + c 2 — 2C|C 3 cos (f) + Cj 3 = r 2 — 2/c 3 cos 3 0 — 2P sin 3 9 cos 3 <j£> 

^ + 4/c 3 sin 9 sin 3 - 


= r 


Therefore 


• sin 9 (log ~~~ — — rk sin 3 9 1 


cos 4> d<f> 


\/{(r — h?jr'f + 4& 3 sin 3 9 sin 3 (§<£)} 


Also 


. a n 8r 0 sin 9 0 . 

= r 0 sm 9 0 1 log 


aV sin 9 — a 0 2 r 0 sin 9 0 . 


Substituting a from the second equation, we have the path of the ring from infinity- 
up to the sphere, i.e., the path of any point in the ring. 

Let 

r () sin 9 0 — c 0 and c 0 /a 0 = n. 


Then the above equation becomes 
r sin 9 | log 8n — f + f log - ~~ ~~ j — hr sin 3 9 j 


cos <£ dcj) 


s/ {(r — I'djrf + 4/j 3 sin 3 9 sin 3 (i<p)} 

= c 0 (log 871-1).(118). 


When the centre of the ring coincides with the centre of the sphere, let 
t sin 9 — ot, sin 9=1; and an easy transformation of the integral gives 
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{ lo « 8 " - i + P°s 7} ~ = °» (log 8 “ " J) - 


Therefore 

' 1 log 8« — + f log - J- —2^^(F — E) — (log 8n — -3) = 0, 


°0 


0 


where the modulus of the elliptic function is Wj-ns 1 . 
Therefore 


F-E 
y/ sin 1 


= i(log8n-l + |log~) - (log8 n-\) . 


(119), 


where sin a = l?jus 1 . 

Let c 0 /a 0 or n = 100. 


Then 


F-E 
*/ sin a 


2’467 



It is easy to construct the following table — 


a. 


c 0 . 

h. 

0 

20 

1 

•98 

•58 

30 

1 

*90 

•71 

45 

1 

•82 

•84 

60 

1 

•70 

•93 


From which, taking c 0 the value of the radius at infinity as the unit, we see that 
when Jc (radius of sphere) = ‘6, *8, 1, 1*3; st, the radius of the ring when passing the 
middle of the sphere, = 1 '02, IT, 1 - 3, 1’4. 

[* § 46. Two coaxal rings of equal strength and volume moving in the same direction. 
Let the radii of the rings be c l and c a , and the radii of their cross-sections a x and a 2 . 
Then 

a{ l c l = a 2 2 e 3 = constant.(120). 

The equation of momentum is 

c, 2 + a, 8 = 2 k 2 .(121), 

and the equation of energy is 


* This and the next paragraph have been altered since the paper was read, in consequence of a very 
valuable suggestion of one of the Referees.—July, 1893. 
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c x c 2 cos cj> cl(f> 

v/{( s i — %) 3 + Cl — 2c x c 2 cos c p + 


constant (122), 


and if to be the strength of each ring, 


z 


i 


m 

7T 





1 dll 
c 2 dcj ' 


Let us write z. — z 2 = z. 
Then 


1 dl _ 1 ^1 

(/^ dc-^ Cq cI/Gq 

_ r (c 3 3 — c } c 2 cos cos <p dcj) (c^ — c ;i c 3 cos <f> 4- z 2 ) c x cos clcj) 

J q {c^ 3 2 C^C 3 COS (j) -f" 4" l^ 2 ) 2 JO (c^ 2 """" 2 CjC 3 COS (^) 4- 4" $ 2 ) 3 

_ £ 3 3 — c x 3 f* (< 4 3 — c x c 3 cos <£ + c 2 4* # 2 ) cos <£ d<f> 

C 1 C 2 j 0 (C\ — 2c x c 3 cos </) 4- c 3 3 + z 2 )% 

— ° 2 3 ~ c ! a f_ cos 0 d± _, / 3 G 2 \ r _(1 -- sin 3 <j>) d$ _^ 

e x e 2 Jo (c x 2 — 2c x c 2 cos cf> + c 2 3 + z 2 )* ' ' 3 1 4o (c x 3 — 2c x c 2 cos <£ + c 2 2 + z 3 )? 

_ O_ (<i 2 a <y) d<fr __ ^ 

Jo (c x 3 — 2c x c 2 cos$ + c 2 2 + z 2 )^ 

Therefore 


m 





+ (<¥>• 


'7T 

r> 211 __ 

^ A 0 fc 2 -2« 


d<t> 


(c x 2 — 2 c 1 c 2 cos(/> + c 2 2 + z 2 )' 


j (123). 


Now the rings are at their greatest distance apart when z L = z 3 or when z vanishes. 
Now, equation (123) shows that this takes place when c x = c 3 . 

When c x — c 3 let the value of each be k, and let « x and % each = a. Also let 
k x , a x : /Co, a 3 , be the values of c L , a x : c 3 , <* 3 , when z x == z 3 , ».e., when the rings are in 
the same plane. 

Then these quantities are connected by the equations 


a 1 3 /c 1 — a 3 3 K S = o ? k , 
Ky -f- k 3 3 = 2 k 3 , 




+ 


log —^ 
H 


log 


8« 


_ *\ , [ * «i«a COi 

V ■*" JoM'{«l 2 - 2 KjK; 

7 \ ^ j* rr K 2 COS (j) dcj) 


K X K^ COS <f) dcj) 

cos <£ 4- # 3 3 } 


, x/l^/c 3 4- s 2 — 2/e 3 cos<£} 


and 
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Thus, when we are given «r x and k 2 , we have two equations to determine k and z ; 
or given z and k, the greatest distance apart of the two rings and their radius at that 
time, we have equations to find k v and /c 2 . 

One of the quantities, oq, a 2 , a, is arbitrary, being the cross-section of the ring, 
when it has a definite radius. 

Let us take 


K 

a =.• 

n 

Also let 

k v — k\/ 2 sin 0q and K. i — k\/ 2 cos 0 O , 


Then the equation connecting z and 0 O is 


VF P 0g 8n “ A +1 log (\/ 2 sin 0 O )] + ^[log 8 n 


+ 1 log (F 2 cos 0 O )] 


Ip sin 2# 0 cos <£ d(j) 

' \/2 j o \/(l — sin 20 0 cos </>) 


log - 1 + 




cos <£ dtp 


7J 2 \ 

2 -f* —* 2 cos <p J 


. . . . (124), 


This equation can only be satisfied when 0 Q is between certain limits /3 and 

(tt/2) — /?. 

'The limiting values of 0 O give z = oo. 

When 0 O is between /3 and {rrj 2) — /3, the equation gives a real value of 2 : this 
value becomes smaller as 0 O approaches 7r/4. 

We have, therefore, the following theorem. 

If /cv 7 2 sin 0 O and k\/2 cos 0 o be the radii of two coaxal vortex rings of equal 
strength and volume when the rings are in the same plane (9 0 being < tt/4, so that 
kv 7 2 sin 0 Q is the radius of the inner ring) : then these two rings will continue to thread 
one another in turns , or will separate to an infinite distance according as 0 O is > or 
< /3, where ft is determined by the equation 

sin /3 n 

W [1 ° g 8n 


4 | log (v 72 sin /3)\ + [log 8n-i + f log (\/2 cos /S)] 


F2 


4 


1 p sin 2/3 cos cf> d(f> 
s/2 J 0 s/ (1 — sin 2/3 cos <£) 


log 8n 


(125). 


The following Table gives the values of /3, and thence of k } and K :i , for different 
values of n. 
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n. 

P- 

“l/*- 

k 2 [k. 

8 

18° 

•437 

1-345 

ii 

19° 

*460 

1-337 

20 

20° 

*484 

1-329 

100 

22° 20' 

*537 

1-308 

3300 

26° 

*620 

1-271 


Roughly speaking, when n is between 8 and 100, the ratio of k l : k 2 for this limiting 
case is between and -§-. 

The following diagram calculated from the equations (121)and (122) gives,for n— 100, 
simultaneous values of the radii of the rings and their distance apart in the limiting 
case in which the inner ring just goes to an infinite distance in front of the outer one. 

The radius of the front ring is given by an abscissa of the circle in the diagram, the 
radius of the back ring by the corresponding ordinate, and the distance apart by the 
abscissa of the curve. Thus NQ is the distance apart when the ratio of the radii is 
tan 30°, or when the rings have the radii OM and MP. 



§ 47. When 0 O is greater than the limiting value /3, the greatest distance apart to 
which the vortices can go is given by the equation (124). When 6 0 is less than the 
MDCCCXCIII. — A. 7 B 
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limiting value /3, the inner ring goes to an infinite distance from the outer one, 
increasing in radius towards the limiting value k\/ 2sin0 M , the radius of the outer 
ring diminishing towards the limiting value k \/2 sin 0 m . 

The equation determining 0 m is 

•sin 0 O {log 8n — f + flog (\/2 sin 0 O )} + cos 6 0 {log 8 n — \ -j- flog (^2 cos 0 O )} 

p r sin 2 6 0 cos <p clxf) 

~J o \/ C 1 “ sin 2 ^o cos 4 >) 

= sin 0 X {log 8n — f + f log( v /2 sin 0 „)} + cos 0 X {log 8 n — + f log(y/2 cos 0.,)} (126). 

The table in § 46 gives 22° 20' as the value for /3 for rings in which n = 100. 

The tables below give the greatest distance the rings will separate for values of 
0 O > 22° 20'; and the radii at infinity of the rings for values of 0 O < 22° 20'. k x and 
*2 are the radii of the rings when they are in the same plane ; k/, k 2 ' are their radii 
when at an infinite distance apart, if they separate; and z is their greatest distance 
apart if they remain together. 


*0- 

*i- 

*2- 

000- 

K i- 

f 

* 

O 



O 1 



5 

•123 

1-408 

5*50 

•144 

1-407 

io : 

•246 

1*392 

12*49 

•309 

1-379 

15 1 

*366 

1-366 

22-20 

•537 

1-308 

20 

*484 

1-329 

38*30 

•880 

. 

1-056 








o a . 

*i* 


z. 



o 

25 

*598 

1*282 

1-044 



30 

•70 7 

1-225 

•500 



35 

-811 

1-159 

•245 



40 

•909 

1-083 

•084 















